
Introduction to Particle Physics I

Exercise Sheet 2 - Wed 1.2.

University of Helsinki - Spring 2017
Lectures: Prof. Risto Orava, Exercises: Mikael Mieskolainen

Return the exercises by Wednesday 16.15 in the exercise session.

Task 1 [Natural Units (c = ~ = 1)]

In Natural Units one can express quantities in terms of [GeV]n, where n is some integer.

1. Express time (s), length (m), cross section (m2), mass (kg) and momentum (kg·m/s) in
terms of energy (GeV), i.e. find out both n and the numerical conversion factor.

2. Express gravitational constant G = 6.67 · 10−11 N·m2·kg−2 in units of energy (GeV).

3. Express temperature (K) in units of energy (GeV), when Boltzmann constant is kB = 1.

4. Express the classic radius of proton (∼ 1 fm = 1 fermi) in units of energy (GeV).

5. Find out the definition of Planck scale and then calculate its value in GeV.

6. Finally, what does the unit electronvolt (eV) mean?

Task 2 [Quantum Mechanics Formalism I - QM recap]

Let us have a complex transition amplitude defined via inner product Aψ→φ ≡ 〈φ|ψ〉 ≡∫∞
−∞ dxφ

∗(x)ψ(x), from |ψ〉 to |φ〉, with normalization and square integrability 〈ψ|ψ〉 =∫∞
−∞ dx |ψ(x)|2 = 1 and the same for 〈φ|. Or in the discrete case 〈φ|ψ〉 ≡

∑
k φ
∗
kψk and

as above. Derive the mathematical expressions for the following:

1. Ket-vectors |ψ〉 live in some finite or infinite-dimensional Hilbert space H and bra-
vectors 〈ψ| in the dual space H∗, and their dynamics is governed by the Schrödinger
equation. First write down the formal relation between wavefunctions and quan-
tum state vectors and then convince yourself that observables are represented by
Hermitian operators acting on the state vectors.

2. Express the expectation values of a generic potential V , the position operator X and
the momentum operator P . Assign the probabilistic interpretation - the Born rule.
How do you obtain the expectation values experimentally?

3. The eigenvalue equation: derive backwards what is
∑

n |cn|2an, if an ∈ R are eigen-
values of a Hermitian operator A and amplitudes cn = 〈ψn|ψ〉 ∈ C, where |ψn〉 are the
corresponding eigenvectors.
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4. A projector operator is Pn = |ψn〉〈ψn|, projecting an arbitrary state |ψ〉 to the
state |ψn〉 with probability of |〈ψn|ψ〉|2 and with properties PnPm = δmn and P 2

n = Pn.
Apply the formalism to the classic example of photon polarization filter with a 45◦ linear
polarization superposition state |ψ〉 = 1

2 (|H〉+ |V 〉), by calculating the expectation
value of the vertical V (horizontal H) polarization projector operator. Thus in the
class of projective measurements: expectation values of projector operators ≡ transition
probabilities ≡ squared transition amplitudes. Now what is the projection postulate?

5. The completeness relation for projector operators (continuous here) allows you to
prove the orthogonality of position and momentum eigenvectors, i.e., 〈p′|p〉 = δ(p− p′)
and 〈x′|x〉 = δ(x− x′). Show this.

6. The spectral theorem states A = . . . , where A is a normal operator A†A = AA†.
Write it down. What is the meaning of the spectral theorem?

7. Orthonormal bases have several advantages over non-orthonormal bases. First write
down Fourier basis for both discrete and continuous cases, and then think about how
the following: |ψ〉 =

∑
i〈ei|ψ〉|ei〉 should be written in a case of non-orthonormal and

overcomplete basis {|ei〉}. How is this related to Hermitian operators?

8. Uncertainty of an observable ∆A =
√
〈A2〉ψ − 〈A〉2ψ vanishes iff the state |ψ〉 vector

is an eigenvector of the operator A. Show it and state the meaning.

9. Operator update or why the state vectors are operated from left O|ψ〉 or right 〈ψ|O†,
but operators are operated by sandwiching with OAO−1 (here A is being operated)?
Hint: change of basis and similarity transformations.

In general, give both bra-ket and integral (sum) forms of equations when suitable.

Task 3 [Quantum superposition - Coherence - Interference - QM recap]

Being of high relevance, let us study the quantum superposition. Start with an amplitude
γ = α + β, where γ, α, β ∈ C. First show that |γ|2 = |α|2 + |β|2 + 2Re(α∗β) = |α|2 + |β|2 +
2|α||β| cos(ϕ), where the last term is the (positive or negative) interference and the relative
phase is ϕ ≡ ϕβ − ϕα. Connect this with the formalism in Task 2. That is, take a simple
quantum system with non-zero interference, build the state vector using a complete basis
together with the measurement operator acting on the quantum state and show that the
interference has measurable effects on the observables / probabilities / expectation values.

Task 4 [Non-relativistic scattering from a potential V (x) - QM recap]

Derive the integral equation form of the time-independent Schrödinger equation:

ψ(x) = ψ0(x)− 1

4π

∫
R3

d3y
eik|x−y|

|x− y|
V (y)ψ(y), (1)

where ψ0(x) is the potential free solution, e.g., eik·x. Treat carefully the Green’s function and
corresponding momentum integral in the C-plane. For convenience m = 1/2 and ~ = 1.
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Task 5 [Generalized Ehrenfest theorem and Heisenberg’s uncertainty principle - QM recap]

1. Derive the generalized Ehrenfest theorem describing time evolution of expectation val-
ues, using both Schrödinger and Heisenberg pictures

d

dt
〈A〉 =

1

i~
〈[A,H]〉+

〈
∂A

∂t

〉
, (2)

where A is some Hermitian operator and H the Hamiltonian. Give an example!

2. Derive the Heisenberg’s uncertainty relation using operators. Hint: Use the definition
of variance, the canonical commutator between Hermitian operators X and P , the
Cauchy-Schwartz inequality and get ∆x∆p ≥ ~/2.

3. Think about how the uncertainty relation between energy and time is related to high
energy physics, i.e., creation of unstable particles with some average lifetimes. Give an
example (take a look at PDG). Hint: How about (Breit-Wigner) resonances.

Task 6 [Quantum Mechanics Formalism II - QM recap]

1. The density matrix ρ for a pure state |ψ〉 is ρ ≡ |ψ〉〈ψ|, and for pure states ρ2 = ρ
with rank 1. So what is actually the definition of the pure state? Write down the four
properties of ρ: I. projector, II. hermiticity, III. normalization and IV. positivity.

2. Mixed states can be represented with a weighted statistical sum of density matrices of
pure states with probabilities pi ∈ [0, 1],

∑
i pi = 1. Note that mixed states 6= quantum

superposition. So when do we need mixed states?

3. The trace of an operator A is TrA = . . . . Write down the definition and calculate
Tr ρ2 for pure states. Then describe what is a partial trace? Hint: think about tensor
product states in H1 ⊗H2, where H1,2 are Hilbert spaces of (two) subsystems.

4. Now show that we get the expectation value of an observable A as: 〈A〉ρ = Tr(ρA).

5. Time evolution of density matrices obey the von Neumann equation of motion:
i~ ∂
∂tρ = [H, ρ], which is the quantum analog of the classical Liouville equation. De-

rive this from the time dependent Schrödinger equation i~ ∂
∂t |ψ〉 = H|ψ〉.

6. Unitary time operator U(t, t0) = e−
i
~H(t−t0) with U †U = UU † = 1 can be applied to

the density matrix ρ at time t0 to evolve it to time t. Show that the mixedness Tr ρ2 is
time independent (= unitarity). However, this also means that von Neumann eq. holds
only for ”closed” systems per se (cf. Linblad equation, decoherence modelling and the
coupling to the environment ∼ ”open” systems).

7. The entropy (von Neumann) of a quantum system is given by S = −Tr(ρ ln ρ). Show
that for mixed states S(

∑
i piρi) = H(pi)+

∑
i piS(ρi), where H is the Shannon entropy.

Also holds S(ρ) = H(λk), where λk are the eigenvalues of ρ, additivity for factorizable
systems: S(ρA ⊗ ρB) = S(ρA) + S(ρB) and subadditivity in general: S(ρAB) ≤
S(ρA) +S(ρB) (possible entanglement). Show also when do the extremal cases happen,
i.e., the case of S = lnN , with N = dim(H) (maximal) and S = 0 (minimal). What
happens to the density matrix and its entropy after the measurement (projection)?
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