
Introduction to Particle Physics I

Exercise Sheet 4 - Wed 15.2.

University of Helsinki - Spring 2017
Lectures: Prof. Risto Orava, Exercises: Mikael Mieskolainen

Return the exercises by Wednesday 16.15 in the exercise session.

Task 1 [Lorentz group 101]

ηµν = (η−1)µν = ηµν = diag(+,−,−,−) and ηµν = ηνµ (symmetric)
ηµαη

αν = η ν
µ = ηµν ≡ δµν is the Kronecker delta

a · b ≡ ηµνaµbν (Inner product)
p
′µ = Λµνpν + aµ, p′µ = Λ ν

µ pν + aµ (Lorentz transform + translation ⇒ Poincaré group)

a′ · b′ = (ηµνΛµαΛνβ)aαbβ = ηµνa
µbν = a · b (Invariance of the inner product)

⇒ ηµνΛµαΛνβ = ηαβ (Lorentz group necessary and sufficient condition for Λ) (A)

ηµνΛµα = Λνα (Lower index down → flips signs for spatial components)
ΛναΛνβ = ηαβ ⇒ ησαΛναΛνβ = ησαηαβ ⇔ Λ α

ν Λνβ = δαβ (Raise indices and switch dummy)

Λ−1Λ = I ⇔ (Λ−1)ανΛνβ = δαβ , where (Λ−1)αν = Λ α
ν (Inverse)

⇒ ηαβ = ηµν(Λ−1)µα(Λ−1)νβ = ηµνΛ µ
α Λ ν

β (Lorentz group condition for Λ−1) (B)

1. First convince yourself with the notation above, then evaluate (A) and (B) using explicit
matrix representation with components as Λ0

0,Λ
0
1, . . . etc.

2. What is meant by proper det Λ = +1 and improper det Λ = −1 Lorentz transforma-
tions? Related, what is meant by orthocronous Λ0

0 ≥ 1 and non-orthocronous Λ0
0 ≤ −1

Lorentz transformations?

3. How do scalars φ(x), vectors Aµ(x) and tensors T (x) of rank (p, q) transform under
Lorentz transformations? You may just give the formal definitions.

Task 2 [Interaction picture and Dyson series]

First recap different pictures in quantum mechanics by filling up the following table using X
= H (total Hamiltonian), H0, (bare), VI (interaction) or ”none”

Picture Heisenberg Interaction (Dirac) Schrödinger

state ket |ψ〉 evolution by X evolution by X evolution by X
operators O evolution by X evolution by X evolution by X

and write down the corresponding time evolution equations. Then go carefully through the
formal derivation of the Dyson series and connect it with a (perturbative) treatment of scat-
tering and decay phenomena.
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Task 3 [The relativistic S-matrix, matrix elements, cross sections and decay widths]

1. Given some initial state vector |i〉, by using the formal definition of the scattering S-
matrix element 〈f |S|i〉 and unitarity of the S-matrix, show that probability to produce
one of the possible final states 〈f | must be equal to one. That is, something must
happen.

2. Justify the definition between the scattering matrix S and the transition matrix T ,
S = 1 + iT . Then express the relation between the transition matrix element Tfi ≡
〈f |T |i〉 and the relativistically normalized, Lorentz invariant scattering amplitude Mfi,
also known as the Feynman amplitude. Explain, how do you in general get the matrix
element squared |Mfi|2?

3. Write down the integral formula for the Lorentz invariant total cross section σ of a
scattering process 1 + 2→ 3 + 4 + · · ·+N , using phase space elements, the flux factor
and the matrix element squared |Mfi|2. Explain each term carefully. Full derivation
makes all terms clear, and the meaning of cross section in general.

4. As above, write down the integral formula for the total decay width Γ of an N -body
particle decay A→ 1 + 2 + · · ·+N . Explain and identify as above. How does it differ
with the cross section formula?

5. Quantum interference: Show that in general, a sum of different processes giving the same
final state at amplitude level Mtot =M1 +M2 + . . . , can (will) introduce interference
affecting the differential cross sections dσ/dΩ ∝ |Mtot|2. Hint: quantum mechanics.

Task 4 [Cauchy distribution]

Cauchy distribution is a peculiar distribution, which has no moments (mean, variance etc.)
and obeys thus no central limit theorem, but is of high importance in physics. Calculate the
characteristic function, ϕX(t) = E[eitX ] =

∫
R e

itxfX(x) dx, of the Cauchy distribution

fX(x|x0, γ) =
1

πγ

[
γ2

(x− x0)2 + γ2

]
, (1)

where the peak parameter is x0 and 2γ is the full width at half maximum. Use the residue
techniques of complex analysis. Answer: ϕX(t) = exp(itx0 − γ|t|), but what is the use of it?

1. Then relate the x0 and γ parameters to the peak invariant mass m0 and decay width Γ
of Breit-Wigner resonances. Ps. Difference between relativistic vs non-relativistic BW?

2. Find out where you encounter the Cauchy distribution in classical physics.

Task 5 [Production rate, cross section and instantaneous luminosity]

A beam of pions with flux J = 107 m−2s−1 hits a liquid hydrogen target with volume V = 0.1
l and density ρ = 71 kg/m3. Now the experiment is interested in some scattering process
π− + p→ X, which has theoretically cross section of σ = 0.4 mb at the given center of mass
energy

√
s. What is the instantaneous production rate (Hz) at the experiment?
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Task 6 [Rapidity and hadron collider variables]

1. The rapidity in particle physics is y = 1
2 ln p+

p− , where the so-called lightcone coordinates

are p+ ≡ E+pz and p− ≡ E−pz with pµ = (E, px, py, pz). Draw a picture! I. Show that
differences in rapidity are Lorentz invariant under longitudinal boosts. II. Write down
a boost matrix using hyperbolic functions and rapidity y. III. Derive the expression
for the min/max values of rapidity of final state particles given two symmetric proton
beams with energy E per proton in the LHC lab frame. Does the answer depend on
the mass of the final states? Give numerics for the

√
s = 13 TeV case.

2. The pseudorapidity is η = 1
2 ln tan θ

2 as a function of the angle θ w.r.t. the beam axis.
Show that it is the massless (ultrarelativistic) limit of rapidity. Motivate why differential
particle production distributions are often expressed as a function of pseudorapidity
(or rapidity), for example dN/dη, where N denotes the average number of (charged)
particles. Why to use pseudorapidity instead of rapidity?

3. Why quantities such as transverse energy ET =
√
m2 + p2T and momentum pT =√

p2x + p2y are used together with rapidity, especially in hadron colliders. Hint: think

about the CMS frame of parton-parton collision, where colliding partons (quarks or
gluons) carry some longitudinal fraction x1 and x2 (Bjorken-x) of the total proton’s
momentum. You see, e.g., that yX = 1

2 ln(x1/x2) for an s-channel resonance X.

Task 7 [Global and local Abelian U(1) transformations]

Let us have a free Lagrangian density for a scalar (spin-0) field:
L = (∂µϕ)†(∂µϕ)−m2ϕ†ϕ, with a complex valued field ϕ(x) ∈ C (why complex now?).

1. Show that the Lagrangian is invariant under global U(1) phase transformations of type
ϕ(x) → Uϕ(x) and ϕ(x)† → ϕ(x)†U †, where U(α) = eiqα. The α is a real (phase
rotation) parameter and q is the electric charge. Then show that it is not invariant
under local transformations, where α(x) depends on a space-time point x.

2. Write down the infinitesimal form of this global transformation and derive the corre-
sponding conserved Noether current jµ(x). What is conserved?

Now, we will introduce a gauge vector field Aµ(x) and replace the partial derivative with the
so-called gauge-covariant derivative Dµ ≡ ∂µ + iqAµ(x). This is also known as the ”minimal
substitution” operation to couple matter fields with gauge fields. This gives us a Lagrangian
density with local gauge symmetry: L = (Dµϕ)†(Dµϕ)−m2ϕ†ϕ.

1. This is a part of the Lagrangian of the so-called scalar electrodynamics. Why so, and
what term(s) are missing/different w.r.t. the proper Dirac/Spinor QED?

2. Show that this Lagrangian is invariant under local phase transformations. The gauge
fields transforms as Aµ → Aµ−∂µα(x) and the complex scalar field transforms as in the
global case. Basically, you will show that the covariant derivative of the field, Dµϕ(x),
transforms as the field itself (thus it is called covariant). Hint: You will then end up
with an operator transformation rule for the Dµ itself of type D → UDU †.

3. Show that the photon mass term 1
2m

2AµAµ is not allowed in L by gauge invariance.
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