
Introduction to Particle Physics I

Exercise Sheet 3

University of Helsinki - Autumn 2018
Lectures: Prof. Risto Orava, Exercises: Mikael Mieskolainen

Return the exercises by Wednesday 16.15 in the exercise session.

Task 1 [Rotations and quantized angular momentum]

1. Show that finite 3D rotations can be described by unitary (orthogonal) rotation matrices
R(α) = exp(−iα · J/~) ∈ SO(3), where exp(·) is the matrix exponential, α = nα,
where n is the rotation axis, α ∈ R the angle and J = (Jx, Jy, Jz) are the Hermitian
generators ≡ three dimensional angular momentum operators. Ps. The infitesimal form
is R(δα) = I − i

~δα · J by Taylor expansion. Notation: α · J ≡
∑

i αiJi ≡ αiJi.
2. The cross product of two vectors is c = a × b ≡ εijkaibjek, where ek are the standard

basis vectors and εijk is the ”totally antisymmetric” Levi-Civita permutation symbol
ε123 = ε312 = ε231 = 1 and ε132 = ε321 = ε213 = −1, otherwise 0. In this task, you
may use the operator J = L + S with S = 0. Then you may show starting from
Li = εikmXkPm, where X and P are the position and momentum operators with the
commutator [Xi, Pj ] = i~δij , that

[Ji, Jj ] = i~εijkJk ⇔ [Ja, Jb] = i~Ja×b ⇔ J× J = i~J, (1)

where the angular momentum along the unit vector a is Ja ≡ a · J = aiJi. The
physical message of the non-commutativity between [Ji, Jj ] is that the three orthogonal
components of J cannot be measured simultaneously with arbitrary precision. Ps. The
total angular momentum vector ~J = ~L + ~S is always a conserved quantity (rotational
invariance), where as the orbital ~L and the spin ~S separately are not.

3. Now using the tools above, derive the quantization of angular momentum, that is, the
simultaneous eigenvalue equations:

J2|j,m〉 = ~2j(j + 1)|j,m〉 and Jz|j,m〉 = ~m|j,m〉, (2)

where j is an integer for the orbital L and an integer/half-integer (0, 1/2, 1, 3/2, 2, . . . )
for the spin S or the total J and m ∈ {j, j− 1, j− 2, . . . ,−j+ 1,−j}, which gives 2j+ 1
possible directions of the quantized angular momentum against the quantization axis
(z-here) and [J2, Jz] = 0, where J2 = JiJi. Which means that the angular momentum
squared J2 (Casimir operator) commutes with the selected quantization axis (only one
of them). Then requiring orthonormalization for the eigenstates 〈j,m|j′,m′〉 = δjj′δmm′

results in the raising/lowering ladder eigenvalue equation(s)

J±|j,m〉 = ~
√
j(j + 1)−m(m± 1)|j,m± 1〉 with J± = Jx ± iJy. (3)

Show this also, and make a figure which explains these visually (e.g. the ”cone plot”).
Note that the spin S of a particle clearly cannot be expressed using the position and
momentum operators and their commutator (as in step 2), and this opens the possibility
for half-integers with otherwise same eigenvalue equations as with L (why?).
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Task 2 [Spin-1/2 and Pauli matrices]

Now set S := J with s := j = 1/2 and m = ±1/2. Then using Eqs. 2 and 3, derive the three
2× 2 Pauli matrices σi, for which holds S = 1

2~σ, σ = (σx, σy, σz). The basic commutator is
[Si, Sj ] = i~εijkSk by the su(2) Lie algebra. Pauli matrices are in the so-called fundamental
representation of SU(2) and the other representation is the so-called adjoint representation. It
is good to know about these for understanding the Standard Model. Now with Pauli matrices
the commutator is [σi, σj ] = 2iεijkσk and the anti-commutator is {σi, σj} = σiσj+σjσi = 2δij .
Show this. Finally explore, what is the relation between SU(2) and SO(3) Lie groups and
corresponding algebras? Ps. We will use these tools to construct the Dirac equation.

Task 3 [Mandelstam variables and kinematics]1

1. Let us have a 2→ 2 scattering process (initial state) p1 p2 → p3 p4 (final state), with 4-
momentum vectors pi. Now the Mandelstam variables are s = (p1+p2)

2 = (p3+p4)
2, t =

(p1− p3)2 = (p2− p4)2 and u = (p1− p4)2 = (p2− p3)2. I. Show that s+ t+u =
∑

im
2
i ,

where m2
i are the squared invariant masses of the initial and final states. II. Write down

the Feynman diagrams for s, t and u-channels and give a physical meaning for these
Lorentz frame independent (scalar) variables.

2. Write down the s, t and u using a relativistic approximation, so that you get s '
2p1 · p2 = 2p3 · p4 and similarly for t and u. Then express s, t and u explicitly in terms
of kinematical observables of particles: energies, momenta and angles. Note that you
need to choose a Lorentz frame to do that (laboratory, center-of-momentum etc.).

3. Count the number of independent degrees of freedom (d.o.f.) (→ # Lorentz scalars)
to fully describe kinematically the scattering p1 p2 → p3 p4 . . . pN . (Answer: 3N − 10).
Then do it for the case of 2 → 2 scattering and comment how we see that Mandel-
stam variables are redundant (dependent)? Note that we are only counting kinematical
(space-time) degrees of freedom here.

Task 4 [Space-time intervals, Lorentz boosts]

1. Write down a boost matrix (hyperbolic rotation) Λµν (4×4) which maps pν 7→ Λµνpν in
one spatial direction, e.g. z-direction, by using γ and β factors. Also give the definitions
of β and γ, using velocity, mass, energy and momentum. Why the ”horizontal offset”
in the position of indices in Λµν and why one index is up and one is down?

2. Let us have a separation 4-vector xµ = (tB − tA, ~xB − ~xA) = (∆t,∆~x) between two
events A and B in the Minkowski space. Open up explicitly the space-time interval
s2 = ηµνx

µxν . Use both matrix notation xT ηx and index notation. Then show that
s2 is a Lorentz scalar. Hint: Consider 1+1 dimensional case s2 = ∆t2 −∆x2 and do a
boost.

3. Finally write down the mathematical definitions of space-like, light-like and time-like
intervals and relate them to Mandelstam variables s and t. Ps. note the ηµν convention!

1
Notations and conventions: Use the particle physics Minkowski metric tensor ηµν = ηµν = diag(+1,−1,−1,−1). 4-vector dot

product is a · b = ηµνa
µbν = aµηµνb

ν = aµbνηµν = aµbµ = aνb
ν , where the Lorentz indices µ, ν ∈ {0, 1, 2, 3}. When these are summed

over, they are called ”dummy” indices, and can be exchanged to any other Greek letters (as above µ↔ ν), as long as there is always one
matching up-down pair in the contraction ”eating” the indices. Which is just the Einstein summation aµbµ ≡

∑
µ a

µbµ =
∑
ν a

νbν ≡
aνbν . Note that the same Greek letter which is summed over, cannot appear more than twice, or twice up or down, in the sum such as
pµk

µpµ, but for example pµl
µkνqρ = rνρ and (bµ+cµ)aµ are formally fine. Otherwise the lowering/rising with the metric ηµν/η

µν does
not make sense, neither does the notation in general. The rest of the indices are ”free” indices, and appear only once per term. Also note
that 4-vectors here are ”naturally” upper index / contravariant vectors pµ because metric is of rank (0, 2) (two lower index). For example,
a photon moving along a positive z-axis has pµ = (E, 0, 0, pz) , and the covariant 4-momentum of this is pν = ηµνp

µ = (E, 0, 0,−pz).
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Task 5 [Basic relativistic kinematics]

1. Neutral particle X0 → γγ decay. Derive a formula for the invariant mass of the photon
pair (=invariant mass of the X0) given the measured energies E1 and E2 of the photons,
with an opening angle α between them. Experimentally, we measure those in the lab
frame, but do the derivation in a general way.

2. Using the particle X0 nominal invariant mass mX0 and photon energies E1 and E2,
calculate what is the minimum opening angle α between the two photons as a function
of the particle X energy EX0 .

3. When a cosmic ray (e.g. proton) hits a molecule in the upper atmosphere, muons are
created during the particle shower. Muons decay with a mean lifetime 〈τ〉 = 2.20 µs.
I. What is the minimum energy required for muons to reach earth surface if they are
created at an altitude of 15 km? II. How far do 100 GeV muons fly?

Task 6 [Klein-Gordon field and covariant notation manipulations]

In particle physics, the Lagrangian field formalism is used. Let us now have a free (=no
interactions) Lagrangian density as a description of our 4D-theory for the simplest scalar
(spin-0) field

L =
1

2
(∂µφ)(∂µφ)︸ ︷︷ ︸
”kinetic”

− 1

2
m2φ2︸ ︷︷ ︸

”potential”

∈ R (4)

with the field here φ(~x, t) ≡ φ(x) ∈ R and the real valued action S =
∫ t2
t1
dt
∫
d3xL =

∫
d4xL

and ∂µ = (∂t,∇), ∂µ = ηµν∂ν = (∂t,−∇), x ≡ xµ = (t, ~x). Mass dimensions with ~ = 1
in 4D are [m] = [pµ] = [∂µ] = E1 ⇒ [xµ] = E−1 ⇒ [φ] = E1 and [L] = E4, because S is
dimensionless ([S] = ~, if ~ 6= 1, so the ~ is the ”quantum of action”). In the following, we
work on a classical field level, no quantization involved.

1. Solve the Equation of Motion by using the Euler-Lagrange equation: ∂L
∂φ = ∂µ

(
∂L

∂(∂µφ)

)
.

2. Calculate the expression for the canonically conjugated momentum: π = ∂L/∂φ̇ and
calculate the Hamiltonian density: H = πφ̇− L.

3. Calculate the expression for the energy-momentum tensor: Tµν = ∂L
∂(∂µφ)

∂νφ− ηµνL.

4. The related conserved charge is Pµ =
∫
d3xT 0µ. Use this to derive expressions for the

components P 0 (energy) and P i (momentum) and show that the 4-divergence ∂µT
µν is

zero, i.e., energy and momentum are conserved.

Task 7 [Relativistic propagators are Lorentz scalars]

In the context of space-time intervals, describe the physical meaning of retarded and advanced
propagators, i.e. Green functions G(x, x′), in terms of

(∂2 +m2)G(x, x′) = −iδ(4)(x− x′), (5)

with the formal solution φ(x) = i
∫
d4x′G(x, x′)ρ(x′) (+ φ0(x)) to the inhomogeneous Klein-

Gordon equation (∂2 +m2)φ(x) = ρ(x), where ∂2 ≡ � ≡ ∂µ∂
µ and ρ(x) is a classical source

with x is a 4-vector. Hint: Classical fields (no quantization), Fourier transform, poles +
contour integrals and causality. If you get interested in this, find out what is the definition
of Feynman’s propagator and its motivation in QFT.

3


