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Lectures: Prof. Risto Orava, Exercises: Mikael Mieskolainen

Return the exercises by Wednesday 16.15 in the exercise session.

Task 1 [The Dirac equation for spin-1/2 particles and gamma matrices. Use ~ = c = 1.]

The free Dirac equation in the Lorentz covariant notation for spinors and their adjoints

Position space : (iγµ∂µ −m)ψ(x) = 0 and Momentum space : (γµpµ −m)u(p) = 0 (1)

ψ̄(x)(−i
←−
∂µγ

µ −m) = 0 ū(p)(γµpµ −m) = 0, (2)

where ψ is the 4-component complex Dirac (bi)-spinor (”a bit like complex column vector, but
picks a minus sign under 2π rotation”). The spinor indices ψα(x) are not Lorentz indices, to
remark. The adjoint spinor is ψ̄ ≡ ψ†γ0. Feynman slash notation is γµA

µ ≡ /A = γ0A0−~γ · ~A
and pµγ

µ ≡ /p = Eγ0− ~p ·~γ, where ~γ = (γ1, γ2, γ3). Each spinor component obey individually
the Klein-Gordon scalar (spin-0) wave equation, and components are mixed together by the
γµ-matrices. A free fermion spinor is ψ(x) = u(p)e−ip·x, where e−p·x is a plane wave. This is
consistent with Eqs. (1) & (2).

1. Gamma matrices γµ are four matrices of size 4×4 with an anti-commutator {γµ, γν} =
2ηµνI4×4 by the Clifford Algebra and γµ = ηµνγ

ν . Use the Dirac (Bjorken-Drell) rep-
resentation and construct gamma matrices with Pauli matrices. The ”fifth” gamma is
then defined as γ5 = iγ0γ1γ2γ3 = γ5 and σµν = i

2 [γµ, γν ], with γ0† = γ0, γ5 = γ5† and
γµ† = γ0γµγ0 = −γµ for µ = 1, 2, 3. Note: the ”best” representation for γ’s / spinor
basis is application dependent (cf. Weyl (chiral) and Majorana representation).

2. Write down explicitly the free particle and antiparticle solutions and thus identify care-
fully the connection between (/p−m)u = 0 and (/p+m)v = 0. This is important for the
calculations. Remember that we have 4 dynamic degrees of freedom for Dirac spinors,
2 spin up/down (↑, ↓) states for both the particle and the antiparticle.

3. Construct the spinor probability density ρ and current j as the 4-current jµ = (ρ, j),
and show the continuity equation ∂µj

µ = 0. Hint: You will find out that µ = ψ̄γµψ,
which has the components j0 = ψ̄γ0ψ = ψ†γ0γ0ψ = ψ†ψ and j = ψ†γ0γµψ. We will
encounter this current later when calculating matrix elements (= QED interactions).

Task 2 [Spinors under Lorentz transformations in the chiral representation]

Scalar fields transform φ(x) → φ(Λ−1x), vector field transforms Aµ(x) → ΛµνAν(Λ−1x)
and spinor fields ψα(x) → S[Λ]αβψ

β(Λ−1x), where S[Λ] is a particular representation of the
Lorentz group with S[Λ1]S[Λ2] = S[Λ1Λ2].

1. Why the inverse transform Λ−1x is used for the coordinates?
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2. Show how you can find different representations, that is, find the six generators of the
Lorentz transformations Mρσ with Lie algebra

[Mρσ,M τν ] = ηστMρν − ηρτMσν + ηρνMστ − ησνMρτ (3)

which allows to represent finite Lorentz transformations with a matrix exponential Λ =
exp(12ΩρσM

ρσ), where Ωρσ holds the parameters of the transformation (6 numbers in
general) and Mρσ labels 6 different matrices. The elements of the matrices, indexed
by [µν], are (Mρσ)µν = ηρµησν − ησµηρν → (Mρσ)µν = ηρµδσν − ησµδ

ρ
ν (see Task 1

of E4). Otherwise we would not have a matrix exponential, right. Then construct
the spinor rotation and boost matrices as S[Λ] = exp(12ΩρσS

ρσ) analogously using the
spinor generators Sρσ and get the block diagonal matrices in the chiral representation

S[Λrot] =

(
e+i~ϕ·~σ/2 0

0 e+i~ϕ·~σ/2

)
, S[Λboost] =

(
e+~χ·~σ/2 0

0 e−~χ·~σ/2

)
, (4)

where ~ϕ keeps the rotation parameters (3) and ~χ keeps the boost parameters (3) and ~σ
holds the Pauli matrices. Hint: Start with the commutator of the γ’s.

3. Now show that the Lagrangian density for the free Dirac field: L(x) = ψ̄(x)(i/∂−m)ψ(x),
is invariant under Lorentz transformations. FYI: mass dimensions [ψ] = [ψ̄] = E+3/2.

The moral of this exercise is that you need to have the right representation for the right object
- the representation for 4-vectors is not suitable for spinors, and vice versa. A torx screw does
not work with a flat head driver.

Task 3 [Helicity and chirality]

1. Write down the chirality operator γ5 eigenstates and show that the projection operators
PL = 1

2(1−γ5) and PR = 1
2(1+γ5) fullfill the requirements for the projection operators:

P 2
i = Pi, PL + PR = 1, PRPL = PLPR = 0. Now every Dirac spinor can be decomposed

into left and right chiral projections. Show that the chirality is a ”good quantum
number” (commutes with the Hamiltonian) only for massless spin-1/2 particles. What
does it actually mean?

2. Helicity is the spin projection along the direction of motion. Write it down, give the
min/max values and show that the helicity is a good quantum number for both massless
and massive spin-1/2 particles, but also that the helicity is not Lorentz invariant.

3. Conclude that the helicity and chirality are the same thing only for the massless case.

Task 4 [Gamma matrix identities]

Getting hands on with gamma algebra is necessary for calculations in QED. First find out
what is the permutation symbol εµνρσ, and think about its lower index version. Then, show
the following starting with the fundamental anti-commutation relation:

1. γµγµ = 4I4

2. γµγνγµ = −2γν

3. γµγνγργµ = 4ηνρI4

4. γµγνγργσγµ = −2γσγργν

5. γµγνγρ = ηµνγρ + ηνργµ − ηµργν −
iεσµνργσγ

5.
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Task 5 [”Trace technology” of gamma matrices → QED calculations]

As above (take a look at Wikipedia, but try yourself first), show the trace identities:

1. tr(γµ) = 0

2. Trace(odd number of γ’s) = 0

3. Trace(γ5× odd number of γ’s) = 0

4. tr(γµγν) = 4ηµν

5. tr(γµγνγργσ) = 4(ηµνηρσ − ηµρηνσ +
ηµσηνρ)

6. tr(γ5) = tr(γµγνγ5) = 0

7. tr(γµγνγργσγ5) = −4iεµνρσ

8. tr(γµ1 · · · γµn) = tr(γµn · · · γµ1).

Task 6 [Spinor energy projectors and completeness relations]

Starting with spinor outer products with completeness
∑

s[u
α(p, s)ūβ(p, s)−vα(p, s)v̄β(p, s)] =

δαβ and normalization ū(p, r)u(p, s) = δrs = −v̄(p, r)v(p, s), with spin r, s ∈ {↑, ↓}, derive the
positive and negative energy projectors by sum over spins in the Bjorken-Drell convention:

Λ+(p) ≡
∑
s=↑,↓

u(p, s)ū(p, s) =
/p+m

2m
and Λ−(p) ≡ −

∑
s=↑,↓

v(p, s)v̄(p, s) =
−/p+m

2m
. (5)

A twisted lesson here is that often the normalization is, instead, set as ūu = −v̄v = 2m (thus
denominators above 2m→ 1), and these projectors are called the completeness relations.

Task 7 [Continuous symmetries (∼ additive quantum numbers / conservation laws)]

1. Mathematically justify the machinery of Glebsch-Gordan SU(2)-decomposition, and
execute (any) calculation with them in quantum mechanics or particle physics you find
interesting. Motivate your examples.

2. Deduce which one of the following processes are possible or violate something:

(a) µ+ → e+νeν̄µ

(b) Σ+ → π+K̄0

(c) µ− → τ−ν̄τνµ

(d) n→ π+π−
(e) γ → e+e−

(f) e−p→ ne−π−

3. How do you measure the decay width of a resonance? Describe a generic algorithm.
What are the key ingredients of the measurement, i.e., continuous symmetries involved?

Task 8 [Discrete symmetries (∼ multiplicative quantum numbers / conservation laws)]

1. Calculate the C and P operator intrinsic eigenvalues of the photon.

2. What would break down of the fundamental CPT invariance theorem implicate? Under
what interactions C, P, or CP are separately conserved (or violated) and what does the
CP symmetry (violation) imply to time-reversal T symmetry?

3. Which of the following decay modes of the ρ meson (JPC = 1−−, I = 1) are allowed by
electromagnetic or strong interactions, i.e., calculate if they conserve C and P parity

(a) ρ→ π+π−

(b) ρ→ π0π0
(c) ρ→ η0π0

(d) ρ→ π0γ

(e) ρ→ π0π0γ

4. Find out how one can measure these quantum numbers in practice, i.e., what are the
theoretical observables and practical methods?

Hint: Use Particle Data Group database (or booklet) to get the quantum numbers.
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