
Introduction to Particle Physics I

Exercise Sheet 6

University of Helsinki - Autumn 2018
Lectures: Prof. Risto Orava, Exercises: Mikael Mieskolainen

Return the exercises by Wednesday 16.15 in the exercise session.

The exam will include Chapters 1-9 of the course book Modern Particle Physics and things
discussed on the lectures and exercises. (Re)fresh the previous exercises and book chapters,
with your upgraded understanding now. For the exam: Think heavily, what are the
observables of your calculations, and how do you measure them.

Task 1 [e+e− → γ∗ → ff̄ annihilation cross section]

Derive the unpolarized differential cross section for e+e− → ff̄ in the CMS frame, where
f are either leptons or quarks. You need the following lego-blocks: spinors u, ū, v, v̄, vertex
couplings −iQfeγµ, where Qf = 1 for leptons, Qf = 2/3 (1/3) for the u (d) type quarks, the

photon propagator − iηµν
q2

(in Feynman gauge), 4-momenta pi for the initial (i = 1, 2) and

final states (i = 3, 4) and α ≡ e2/(4π) ≈ 1/137 (at low q2). Follow the steps:

1. Write down the Feynman amplitude iM, using the Feynman rules of QED given in the
course book. There is only the s-channel annihilation diagram. Ps. You will derive the
rules on a QFT course (sign conventions etc. vary in different books).

2. Calculate the spin averaged (over initial states) and summed (over final states) total
amplitude squared 〈|M|2〉s, also written |M|2. Note that the average and sum is over
different spin amplitudes squared. Not over amplitudes and then the square - why?

3. Now you need I. the so-called ”Casimir trick” to turn the spinor polarization sum into

a trace, II. spinor completeness relations
∑

s u
(s)
p ū

(s)
p = /p+m,

∑
s v

(s)
p v̄

(s)
p = /p−m and

III. trace identities to get rid of the trace.

4. Take the relativistic limit and express the scalar products of 4-vectors with s, t and u.

5. Write down the differential cross section dσ
d cos(θ) |cms, using the relativistic and ma-

nipulated |M|2 and the two body final state cross section phase space formula. Note:
cos(θ) ∈ [−1, 1] is the variable here, not θ ∈ [−π, π]. You can move between them, but
do not forget the change of a variable essentials / Jacobian.

6. Calculate the integrated cross section σ =
∫ 1
−1 d cos(θ) dσ

d cos (θ) = NcQ
2
f
4πα2

3s , where
Nc = 1 for the leptonic and Nc = 3 for the quark final states ∼ three colors.

This calculation goes with a pen and paper. You may use computer algebra, such as the
Mathematica toolbox FeynCalc, for cross checking your amplitude construction and manip-
ulation (https://feyncalc.github.io). For those who prefer more raw stuff, there is also FORM

(https://github.com/vermaseren/form). Check also Bhabha scattering in Wikipedia.
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Task 2 [Deeply Inelastic Scattering (DIS) in ep→ e+X]

Read Chapter 8 of the course book first and then proceed:

1. Build carefully the full kinematics of Deep(ly) Inelastic Scattering by first drawing the
schematic Feynman diagram and then construct: x = Q2/(2p2 · q), y = (p2 · q)/(p2 · p1),
ν = p2 · q/mp and W 2 = p24 together with auxiliary relations x = Q2/(2mpν), y =
(2mp/(s−m2

p))ν , Q2 = (s−m2
p)xy.

2. What is the physical meaning of the variables above, especially x,Q2, y and W 2? How
do you measure them?

3. What did the MIT-SLAC experiment discover in 1967 and what are the Bjorken scaling
and the Callan-Gross relation?

4. What is the (Q2, x)-plane? What was the kinematical reach to probe this plane at
HERA versus now at the LHC, and why it is more difficult (obviously) to use the LHC
than HERA to measure precisely probabilistic parton distributions/densities?

Task 3 [Gell-Mann SUF (3) Quark Flavour Symmetry - the Eightfold way]

Read Chapter 9 of the course book and study the Gell-Mann quark model in SUF (3), which
includes u, d and s quarks and gives a classification scheme for groups of hadrons. Construct
and draw group diagrams of I. The light meson pseudoscalar nonet (octet + singlet) of
π,K, η, η′, II. The light J = 1 meson nonet of ρ, ω, ϕ,K∗, III. The J = 1/2 baryon nonet of
n, p,Σ,Λ,Ξ and IV. The J = 3/2 baryon decuplet of ∆,Σ,Ξ,Ω.

When does the SUF (3) classification scheme of observed hadrons start to meet its limitations
and why? Find out also how do the Gell-Mann quarks differ with nearly equivalent ace model
aces by George Zweig. Ps. We are not talking about QCD here, just the same group SU(3).

Task 4 [Bethe-Bloch mean 〈dE/dx〉 ionization law and LHC experiments]

Derive the classical version of the 〈dE/dx〉 ionization law (derivation by Bohr, presumably)
and compare with the Bethe-Bloch Quantum Mechanical formula. Elaborate on the difference
between different versions of the law. Then using this, relativistic kinematics and phenomenol-
ogy of hadron collisions, explain the design of the ATLAS experiment/detector at the LHC.
Use the ATLAS paper: http://nordberg.web.cern.ch/nordberg/PAPERS/JINST08.pdf

Task 5 [Infrared (IR) divergences]

Read Chapter 7 of the course book and answer where do we encounter:

• Soft (infrared) and Collinear divergent cross sections such as ∝ 1/(E2(1− cos2(θ))

• Divergence of massless (photon) propagators ∼ 1/q2, when q → 0 (related with above)

Infinite range of interactions ∼ massless propagators. 1. Can you have finite total cross
sections for elastic processes with Coulomb potentials? 2. How about with form factors? 3.
What is the optical theorem? Slightly related1

1In general there are processes where real emission diagrams and virtual corrections sum together to cancel
IR divergences and give finite results. See Kinoshita-Lee-Nauenberg theorem.
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Task 6 [Ultraviolet (UV) divergences]

1. One often works with high dimensional integrals, which may be ultraviolet (high en-
ergy) divergent. Let us have ∫

dDk
1

kn
, (1)

where dimension D is some positive integer and kn ≡ ‖k‖n. This means, you integrate
over D dimensions and you may assume k are just Euclidean D-dimensional vectors, and
the integral has dimensions [E]D−n. By simple power counting, construct conditions
between D and n for the integral to be I. Convergent, II. Logarithmically divergent, III.
Linearly divergent and IV. Quadratically divergent. Example in 1D:

∫
dk 1

k is logarith-
mically UV divergent.

2. The zero-point energy (vacuum energy) of the Hamiltonian density of a scalar field.

Take the Hamiltonian H =
∫ d3p

(2π)3
ω~p(a

†
~pa~p + 1

2(2π)3δ(3)(0)) as an integral over the

Hamiltonian density, the number operator operating acting on the vacuum a†a|0〉 = 0,
use H|0〉 = E0|0〉 and box normalization and then try to calculate a sane energy density
E0 ≡ E0

V . The form should be familiar from the QM harmonic oscillator. However, even
the energy density you will get is infinite, not just the total energy. How is this related
with the cosmological constant?

3. With some help of Wikipedia, derive the formulas for the surface area and volume of
SD−1-spheres (balls) in D-dimensional space. You will encounter the gamma function.

The following exercises E7 and E8 give extra points, and work as the IPP2 warm up.

Task 7 [EXTRA: Continuous global symmetries → conservation laws, Continuous local sym-
metries ↔ dynamics induced by gauge bosons]

The Standard Model gauge symmetries are

SU(3)C × SU(2)L × U(1)Y → SU(3)C × U(1)EM , (2)

where arrow denotes spontaneous electroweak symmetry breaking (SSB) (Higgs mechanism).

1. Derive the Noether’s theorem first in a super simple and foolproof way, and then in the
Lagrangian field formalism.

2. Write down a table of the Standard Model (SM) particle content (fermions and bosons)
with their corresponding charges under different gauge groups. Use suitable fundamental
and adjoint representations.

3. List the conserved charges before and after SSB. Also, then what is the relation between
electric charge Q, weak isospin 3rd component T3 and weak hypercharge Y . At what
energy scale does the electroweak SSB happen and what are the effects? Ps. One
must be extra careful/technical, by specifying what is the symmetry at the level of the
fundamental Lagrangian.

4. Baryon B and lepton number L(e,µ,τ) conservations are ”accidental” symmetries of the
SM. What are the corresponding global symmetry transformations and how do we probe
them experimentally?
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5. Write down pre-SM approximate symmetries such as Heisenberg’s strong isospin based
on mathematics of the SU(2) group and Gell-Mann’s quark flavor symmetry based on
the SU(3) group. Give examples of their use and find out how much they are broken?

Task 8 [EXTRA: The Higgs Mechanism - Spontaneous Symmetry Breaking - Local U(1) case]

Let us have the Lagrangian for the electrodynamics of charged scalars

L = (Dµφ)†(Dµφ)− V (φ)− 1

4
FµνF

µν , V (φ) = µ2φ†φ+ λ(φ†φ)2 (3)

where φ(x) = 1√
2
(φ1(x) + iφ2(x)) is the complex scalar field. Also, as before, the gauge

covariant derivative is Dµ ≡ ∂µ + iqAµ and the antisymmetric EM-field tensor is Fµν ≡
∂µAν − ∂νAµ.

Let us set λ > 0 to have the scalar potential V (φ) bounded from below.

1. Now consider the case µ2 < 0. This is the case of spontaneously broken gauge symmetry
and the potential has degenerate continuum of absolute minima at 〈|φ|2〉0 = −µ2/(2λ) ≡
v2/2, where v > 0 is a real number. Show this and plot the shape of the potential. How
about if µ2 > 0?

2. We want to shift the field as φ → 〈φ〉0 + φ, by picking 〈φ〉0 = v/
√

2 on the real-axis
(without loss of generality), in order to write the Lagrangian as (small) perturbations
around this true (physical) vacuum 〈φ〉0. In practice, we can parametrize the shifted
field as

φ(x) =
1√
2
ei
ξ(x)
v (v + h(x)) ' 1√

2
(v + h(x) + iξ(x)), (4)

with two real fields h(x) and ξ(x). Justify this, and then write the Lagrangian density
in terms of the right hand side. You will find out that the h-field (Higgs) has mass2 =
−2µ2 > 0, the ξ-field (”would-be” Goldstone boson) is seemingly massless but the gauge
field Aµ is massive now! Find out what the Goldstone theorem says about this?

3. Now get rid of the ξ-field because it is mixing up with Aµ, by making the so-called
unitary gauge fix. This leads us to a gauge transformation of Aµ → Aµ + 1

qv∂µξ(x),
which corresponds to a local phase rotation on the field parametrization (4) as

φ(x)
U(1)→ e−i

ξ(x)
v φ(x) =

1√
2

(v + h(x)) (5)

and we rotated the ξ degree of freedom away. We say it ”got eaten”, but by what?
Justify this operation, write the original Lagrangian in terms of this and inspect the
particle spectrum in this gauge.

4. Originally we had 4 degrees of freedom in our Lagrangian, 2 helicities of the massless
vector field Aµ and 2 DOF of the complex scalar field φ. Comment on the situation
after this ”spontaneous” symmetry breaking, i.e., the field content and their masses.

5. What was the point of all of this, i.e., why to break (hide?) the symmetry in the
first place? Important question: could you have done the step 3 without a local gauge
symmetry?
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