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Interaction Models for Covalent Materials

This lecture deals with interaction models developed for materials with covalent bonding; typically semiconductors and insulators. The most commonly
encountered semiconductor lattices are diamond and zincblende. Although
there are only three elements which have the diamond structure (C, Si and
Ge), being able to model this lattice is crucially important for, e.g., semiconductor industry. The zincblende structure (that can be seen as two-element
diamond structure) is formed by the most common compound semiconductors (e.g. GaAs, AlAs, InAs).
In the diamond structure, each
atom has four neighbours attached together via covalent bonding. Therefore, it requires four
valence electrons, and can formed by group IV elements. The
zincblende compound structures
are often formed by one group III
element (B, Al, Ga, . . . ) and one
group V element (N, P, As, . . . ).
The structure can be formed by
combining two FCC lattices, one
displaced by (1/4,1/4,1/4).
The hexagonal counterpart of the zincblende structure is wurtzite.
• Note the analogy with FCC ↔ HCP
Covalent bonds are formed by electrons localised between the nuclei, attracting the nuclei. Therefore, the bonds repel each other, yielding structures where they are furthest away from each other. In case of four (equal)
bonds as in the diamond structure, this leads to regular bond angles of
cos−1 (−1/3) = 109.47◦ ; each atom is in the middle of a regular tetrahedron.
Chemically, this can be described by sp3 hybridization of orbitals. Because
the electrons are localized between the atoms, covalent bonds have a strong
directional dependency.
Comparison between ionic and covalent bonding – same structure, different bonds:
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Graphene (carbon sp2 )

Hexagonal Boron Nitride

21.1

Bonding angles

As described above, the localized electrons in covalent bonds lead to preferred
bonding angles. Therefore, the energy of a system is not simply dependent
on the distances between the atoms but also on their angles.
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E.g. in case of sp1 , sp2 and sp3 bonds, the bonds align linear, trigonal-planar
and tetrahedral, respectively. The simplistic description of this is to consider Coulombic repulsion between the negatively charged bonds (localized
electrons).
Because of the strong bond angle preferences, covalent solids tend to
be loosely packed (i.e., open). Diamond has a packing factor of 0.34 (as
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compared to 0.74 for FCC/HCP). Typically, the atoms have 2–4 neighbours,
as compared to 12 in close-packed structures.
Since the optimal angles are predetermined, it is tempting to implement
interaction models which have a minimum exactly at the right angle. This is,
however, problematic as e.g. carbon bond angles in diamond (sp3 , 109.47◦ )
differ from those in graphitic structures (sp2 , 120◦ ) while energies are similar.

21.2

Potentials for Si and Ge

• Both Si and Ge have the diamond structure as crystalline solids.
• Both show a density anomaly at molten phase (as water):
molten phase is denser by 11.4 % (Si) and 5.2 % (Ge) than solid.
• Liquid Si and Ge are metals.
They show a coordination number of 6, compared to 4 in solid.
• This structure and bonding change makes constructing good potentials
for all condensed phases difficult.

21.3

Empirical Potentials

Some attempts to create potentials for covalently bonded materials are presented in [Balamane et al., Phys. Rev. B 46, 2250–2279 (1992)].
21.3.1

Cluster Potentials and Functionals

• Cluster potentials are interaction models of the form
X
X
U=
V2 (ri , rj ) +
V3 (ri , rj , rk )
ij

(21.1)

ijk

• In cluster functionals, the three-body term is hidden in the two-body
part without an explicit three-body part. These have the form
U = Vrepulsive (rij ) + bij Vattractive (rij )
similar to bond order potentials (see below).

(21.2)

21.3
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Stillinger-Weber potential (SW)

The Stillinger-Weber potential was developed to correctly describe both crystalline and liquid silicon. Initially, the potentials was constructed to give the
correct melting temperature. It has been very popular because it turned out
to describe well, e.g. point defects energies and surface properties.
The Stillinger-Weber potential is an explicit angular potential with the form
X
X
U=
V2 (rij ) +
V3 (rijk )
(21.3)
ij

ijk

V2 (rij ) = εf2 (rij /σ)

(21.4)

V3 (rijk ) = εf3 (ri /σ, rj /σ, rk /σ)

(21.5)

Here, V2 is a pair potential, and V3 is the three-body potential.
The fi are:

A(Br−p − 1) exp[(r − a)−1 ], r < a
f2 (r) =
(21.6)
0,
r≥a
f3 (ri , rj , rk ) = h(rij , rik , θjik ) + h(rji , rjk , θijk ) + h(rki , rkj , θikj )(21.7)
Function h is

1 2
−1
−1
 λ exp[γ(rij − a) + γ(rik − a) ](cos θijk + 3 ) ],
h(rij , rik , θjik ) =
where rij < a and rik < a

0,
else
(21.8)
The explicitness of the angle is introduced through the +1/3 term. The constants A, B, p, a, λ and γ are all positive and fitted to get the diamond structure as the most stable lattice, as well as to the melting point, cohesive energy
and lattice parameter. The melting point was fixed by adjusting the cohesive
energy to a value 7 % off.
According to rumours, the authors also tested the potential against elastic
constants, although this is not stated in the article.
As mentioned, the explicit angle term can become a problem when different phases or disordered systems are studied. This makes it rather surprising that the Stillinger-Weber potential works for liquid silicon. Despite the
explicit angle, the SW potential provides a better description of the Si surface
reconstruction than e.g. the Tersoff potential (discussed below):
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• Reconstruction of the Si(001) surface as given by different potentials
[Nurminen et al., Phys. Rev. B 67, 035405 (2003)]:

21.3.3

EDIP Potential

The environment dependent interatomic potential (EDIP) is a cluster potential derived from a database of ab initio calculations for Si in diamond and
graphite phases.

The main difference compared to the Stillinger-Weber potential is in the
environment-dependent term, which is not fixed to the diamond angle.
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The potential is available at
http://web.mit.edu/bazant/www/EDIP/index.html
both as FORTRAN and C code.

• EDIP gives a good description of the diamond phase, including elastic
constants, point defect energetics, stacking fault and dislocation properties.
• It also describes amorphous silicon well, including the melting point
[Nord et al., Phys. Rev. B 65, 165329 (2002)].
• Thermodynamical properties of EDIP have been reviewed in [Keblinski
et al., Phys. Rev. B 66, 064104 (2002)].
• Description of other phases is not equally good.
21.3.4

MEAM Potential

For Si also so called modified embedded atom model (MEAM) potentials
exist [M. I. Baskes, Phys. Rev. B 46, 2727–2742 (1992)]
This is basically EAM to which an angular term has been added:
Utot =

X
i

Fi [ρi ] +

1X
Vij (rij )
2 ij

(21.9)

21.4

Lenosky Potential
ρi =

X

ρa (rij ) +

j6=i
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X

ρa (rij )ρa (rik )g(cosθijk )

(21.10)

k,j6=i

In addition to metals, these models have been applied to a number of binary
compounds, e.g. silicides (TaSi, MoSi).
It has, however, been noted by the author that the potentials require
further optimisation and should not be used in their originally published
form.

21.4

Lenosky Potential

Another comparatively new potential is that by Lenosky at al. [Modelling Simul.
Mater. Sci. Eng. 8, 825–841 (2000)]. This model combines a MEAM potential with
a Stillinger-Weber type three-body term.
• It obtains an excellent fit to a large number of elastic constants, different
structures and defect properties.
• However, this model contains some alarming features, such as negative
electron densities for certain r.
• Therefore, the transferability outside the parameter database which it
was fitted to is questionable.

21.5

Bond Order Potentials

The previously discussed potentials have no physical basis for the environmental terms.
The bond order is an approximation to the number of chemical bonds
between a pair of atoms (there is no generally accepted exact definition of
the concept of „chemical bond”). In terms of molecular orbital theory, it can
be defined as
nbonding e− − nantibonding e−
(21.11)
B.O. =
2
which for typical molecules gives the same result, but opening for non-integer
bond orders; for example the stable molecules H2+ and He+
2 have B.O. = 0.5.
In most simple terms, it can be seen as a measure of the strength of the
bond. The magnitude of the bond order is associated with the bond length
as well as the bond angle.
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Linus Pauling devised an experimental expression for the bond order:


d1 − dij
(21.12)
sij = exp
b
where d1 is the single bond length, dij is the experimentally measured bond
length, and b is a constant. Pauling suggested a value of b = 0.353 Å; for
carbon b = 0.3 Å is often used:

• In the simplest form, a bond order potential (BOP) is a potential which
is based on the idea that the environment affects the strength of a bond.
In this sense, also the second-moment tight-binding potentials (FinnisSinclair, Rosato Group potentials) can be seen as bond order potentials.
However, here we define a bond order potential to be a potential which has
a starting point in the dimer properties as in Pauling’s bond order concept,
having the form
Uij = aij Vrepulsive (rij ) + bij Vattractive (rij )

(21.13)

However, it is possible to show that bijk Vattractive (rij ) is equivalent to the
√
electron density term −D ρi from the Finnis-Sinclair / EAM / Cleri-Rosato–
potentials [Brenner, Phys. Rev. Lett. 63, 1022–1022 (1989)].
21.5.1

BOP, Basic Assumptions in Terms of TB Theory

Assuming a single valence orbital per atomic site, the total energy of a system
can be written as
X Z Ef
1X
U=
φ(Rij ) +
(E − i )Ni (E)dE
(21.14)
2 i6=j
−∞
i |
{z
}
VBi
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where the first term accounts for the repulsion between the atomic cores, and
the second is the bond energy calculated as an integral over the local electronic density of states Ni (E). i is the effective atomic energy level. Most structural quantities are insensitive to the details of the Ni , and depend rather on
its average value (first moment) and width (second moment). As mentioned
during the previous lecture, for d transition metals (e.g. Pt), the cohesive
energy is dominated by the d-band contribution. Therefore, a rectangular Ni
can be assumed with a width Wi so that the Ni per atom for a full d-band
takes the value 10/W .
The bond energy per site i can consequently be written as
VBi ≈ −

1
Wi Nd (10 − Nd ),
20

(21.15)

where Nd is the number of electrons in the d-band. W is related to the second
moment of the Ni via
Z ∞
10
2
µi =
E 2 Ni (E)dE = Wi2
(21.16)
12
−∞
On the other hand, the second moment can be given directly as a sum
the two-center hopping integrals hij , which depend on the next neighbour
distance rij :
X
h2 (rij )
(21.17)
µ2i = 10
j6=i

Combining these, we get
1 2 X 2
W =
h (rij )
12 i
j6=i

(21.18)

Applying this to the total energy expression gives






vX
X

u
1 X
2

φ(rij ) − Du
h (rij )
U=


u
2 i  j6=i

t j6=i
| {z }

(21.19)

ρi

• Identifying the sum of the hopping integrals as the resulting electron
density ρi leads to the Rosato group potentials.
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√
• Defining an embedding function F (ρ) = D ρ, on the other hand, leads
to the Finnis-Sinclair implementation of EAM proposed by Daw and
Baskes.
• The equivalence of the bond-order ansatz and the EAM arises from the
fact that within the TB approach the chemical bonding of d transition
metals and semiconductors can be explained in the same terms.
21.5.2

Tersoff Potentials

[Tersoff, Phys. Rev. B 39, 5566–5568 (1989)], [Tersoff, Phys. Rev. Lett. 61, 2879–2882
(1988)], [Tersoff, Phys. Rev. B 38, 9902–9905 (1988)], [Tersoff, Phys. Rev. B 37, 6991–
7000 (1988)] , [Tersoff, Phys. Rev. Lett. 56, 632–635 (1986)], [Tersoff, Phys. Rev. Lett. 64,
1757–1760 (1990)]

In the Tersoff potential, the bond order term is defined by
bij = (1 + β n ζijn )−1/2n ,
X
fC (rik )g(θijk ) exp[λ33 (rij − rik )3 ],
ζij =

(21.20)
(21.21)

k6=i,j

g(θ) = 1 + c2 /d2 − c2 /[d2 + (h − cos θ)2 ]

(21.22)

aij = (1 + αn νijn )−1/2 ,
X
fC (rik ) exp[λ33 (rij − rik )3 ]
νij =

(21.23)
(21.24)

k6=i,j

Parameter λ3 does not affect the equilibrium properties at all, but is important for some studies far-from-equilibrium. Tersoff himself suggested disregarding this parameter (λ3 = 0). Also, he suggested α = 0, but included the
equation for completeness.

21.6
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Tersoff was unable to obtain parameters, which would have worked with both for the elastic and
surface properties. Therefore, two
sets of parameters were published:
Si B for surfaces and Si C for elastic properties (Si A proved to be
unstable with a negative vacancy
formation energy). Tersoff Si B is
also known as Tersoff 2, and Si C
as Tersoff 3.

21.6

Comparison of Si potentials

Balamane et al. [Phys. Rev. B 46, 2250–2279 (1992)] carried out an extensive
comparison of Si potentials (EDIP appeared later).
• They looked at, e.g. bulk, surface, defect and small molecule
properties.
• Included potentials were SW,
Tersoff 2 and Tersoff 3, BiswasHamann potential (BH) [Phys.
Rev. Lett. 55, 2001–2004 (1985)],
[Phys. Rev. B 34, 895–901 (1986)],

Tersoff-like Dodson potential
(DOD) [Phys. Rev. B 35, 2795–2798
(1987)]. and Pearson potential
(PTHT) [Cryst. Growth. 70, 33–40
(1984)].

Pair interaction

21.7
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Lattice structures

• These properties are far from the complete list of comparisons done by
the study authors.
• Their conclusion was that no single potential is clearly superior.
• Instead, different potentials are good for different applications:
– SW, T3 and DOD are good for elastic properties.
– T3, SW, DOD, T2 and BH give fairly good values for point defects,
especially taking into account the experimental uncertainties.
– The (100) surface is described best by BH, SW and T3, but no
potential describes correctly reconstructions of the (111) surface.
• EDIP was not included in this comparison, but would have scored well,
especially regarding elastic and defect properties.

21.7

Potentials for Ge

Ge has two almost identical Stillinger-Weber parametrisations, and a Tersoff
parametrisation:
• [Ding & Andersen, Phys. Rev. B 34, 6987–6991 (1986)]
• [Wang & Stroud, Phys. Rev. B 38, 1384–1391 (1988)]

21.8
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• [Tersoff, Phys. Rev. B 39, 5566–5568 (1989)]
These potentials are reasonable for the crystalline phase, but they severely overestimate the melting point (2500–3000 K, compared to 1210 K).
Nordlund et al. tried to fix this by adjusting the cohesive energy down by 18%
[Phys. Rev. B 57, 7556–7570 (1998)], which gave a melting point of 1230±50 K
with reasonable displacement threshold value and mixing coefficient. Both
these properties are important for irradiation physics. However, for general
use this approach is obviously questionable.
Finally, another SW parametrisation for Ge represents all condensed phases well:
• [Posselt & and Gabriel, Phys. Rev. B 80, 045202 (2009)]
This parametrisation gives a reasonable crystalline phase, melting point (1360 K,
and amorphous phase. Velocity of solid phase epitaxial recrystallization is,
however, clearly overestimated.

21.8

Hydrocarbons – Brenner Potential

Brenner refined the Tersoff potential for modelling hydrocarbons. In this approach, the angular dependency is introduced via g(θ) which is incorporated
in the inner sum of the bond-order function. Now, bij becomes
bij = (1 + χij )−1/2 ,
(21.25)
χij =

P

k6=i,j

fik (rik )gik (θijk ) exp[2µik (rij − rik )]

The angular function g(θ) being


c2
c2
g(θ) = γ 1 + 2 − 2
d
d + (1 + cos θ)2

(21.26)

If c = 0, this becomes a constant g(θ) = γ, and the potential resembles
an EAM potential.
It’s worth noting though, that the angular term is not only important for
modelling covalent systems, but also of metals. It has, for example, been
shown that shear constants can be described in a first-nearest-neighbour
potential only if the bond order is angular dependent.

21.8
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For convenience, the repulsive and attractive parts of the potential can
be written as
√
D0
exp[−β 2S(r − r0 )]
VR (r) =
(21.27)
S−1
p
SD0
(21.28)
VA (r) =
exp[−β 2/S(r − r0 )]
S−1
where D0 is the dimer binding energy and r0 the equilibrium distance.
A specific feature of the Brenner potential is the overbinding term, which
corrects the unphysical interpolation of single- and double-bonds for some
bonding situations. The overbinding term is incorporated in the bond-order
term, which consequently becomes
bij =

bij +bji
2

+ Fij (Nit , Njt , Nijconj )

i−σ
h
P
(C)
(H)
bij = 1 + k6=i,j g(θijk )fij (rijk ) exp[. . .] + Hij (Ni , Ni )
(C)

(H)

• The quantities Ni and Ni
atoms bonded to atom i.

(21.29)

are the number of carbon and hydrogen

• Nijconj depends on whether a bond between carbon atoms i and j is part
of a conjugated system (alternating single and double bonds). This way
ambiguities in bond orders are included.
• The bonding connectivity is defined again via a continuous function
fij (r).
(C)

(H)

, Ni

(H)

+ Ni

• Values for Ni

and Nit = Ni

and Nit for each carbon atom i is given by
P
(H)
Ni = j=hydrogen fij (rij )
(21.30)
P
(C)
Ni = j=carbon fij (rij )

(C)

.

• Values for the neighbours of the two carbon atoms involved in a bond
are used to determine whether the bond is a part of a conjugated system:
X
Nijconj = 1 +
fik (rik )F (xik )
(21.31)
carbons k6=i,j

+

X
carbons l6=i,j

fjl (rjl )F (xjl )

(21.32)

21.9 Potentials for Semiconductor Alloys and Compound
Semiconductors
201
with

 1, xik ≤ 2
(21.33)
F (xik ) =
{1 + cos[π(xik − 2)]}/2, 2 < xik < 3

0, xik ≥ 3
and xik = Nktot − fik (rik ).
– If any neighbours are carbon atoms that have a coordination of
less than 4, the bond is defined as a part of a conjugated system.
– The functions yield a continuous value of N conj as bonds break
and form, and as second-neighbour coordinations change.
With the overbinding and conjugation corrections, the potential gives
a remarkable description of various hydrocarbons. However, the additional
sums over the neighbours of both of the atoms make the potential somewhat
computationally expensive. Still, even with the corrections removed, the carbon potential describes well graphene and carbon nanotubes, even though
it was not fitted to sp2 bonded all-carbon structures. The most important
feature not described well with the potential is the inter-layer van der Waals
bonding between graphite layers.
Also many other carbon potentials exist (he other much used one was
developed by Tersoff [Phys. Rev. Lett. 61, 2879–2882 (1988)]). However, the van
der Waals interaction can not be properly described within the BOP formalism (nearest-neighbour–interactions). To account for the van der Waals
interaction at least two approaches have been proposed:
• The first one is a physically rather poorly motivated variation of the
Tersoff potential, which includes a weak interaction for structures very
close to the ideal graphite lattice [Nordlund et al., Phys. Rev. Lett. 77, 699–
702 (1996)].
• A more physically well-founded approach was proposed by Stuart et al.
[J. Chem. Phys. 112, 6472–6486 (2000)]. They included a Lennard-Jones–like
term which works also for other carbon structures (f.ex. polymers).

21.9

Potentials for Semiconductor Alloys and Compound
Semiconductors

A straightforward way to construct a compound potential is to take geometric
averages of the mixed parameters of the elemental potentials. The major

21.9 Potentials for Semiconductor Alloys and Compound
Semiconductors
202
differences arise from the fact that a number of weighting factors can be fitted
separately for each pair of elements. For example, in Tersoff’s compound
potential [Phys. Rev. B 39, 5566–5568 (1989)], the functional form allows for fitting
both bond order and angular terms, but only bond order terms were fitted,
while angular terms were to 1.
The Tersoff SiC potential describes reasonably many properties. The most
problematic values are the shear modulus c44 and vacancy formation energies. This is surprising considering the fact that there is only one parameter
actually fitted to the compound structure.
Many potentials exist for the mixed systems, including SiC, GaAs, GaN,
Pt-C, InAs, AlAs etc.
However, these potentials need to be tested for the specific application in any
case.
However, the Albe-formalism of the Abell-Tersoff-Brenner–type (ABOP)
potentials, as described in [Albe et al., Phys. Rev. B 65, 195124 (2002)], has turned
out to be one of the best ways to implement potentials for transition metals
and covalent systems. For example:
• PtC [Albe et al., Phys. Rev. B 65, 195124 (2002)].
• GaAs [Albe et al., Phys. Rev. B 66, 035205 (2002)].
• GaN [Nord et al., J. Phys.: Condens. Matter 15, 5649–5662 (2003)].
• SiC [Erhart et al., Phys. Rev. B 71, 035211 (2005)]
• W-C-H [Juslin et al., J. Appl. Phys. 98, 123520 (2005)].
• ZnO2 [Erhart et al., J. Phys.: Condens. Matter 18, 6585–6605 (2006)].
• Fe (BCC/FCC) [Müller et al., J. Phys.: Condens. Matter 19, 326220 (2007)].

Summary
• Covalent bonds result from shared electrons between the atoms.
• This results in localized negatively charged areas (bonds) which repel
each other due to electrostatic interaction.
• For each covalently bonded material, certain well-defined bond angles
yield the minimum energy.
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• This can be taken into account empirically or by applying a bond order
formalism that assumes weakening of the bond from dimer to structures
with higher coordination.
• Bond order formalism can be used as a basis for interatomic potentials,
which can be shown to be equivalent to EAM and to describe also
transition metals.
• The Abell-Tersoff-Brenner–type potentials have been developed for many elemental semiconductors as well as their compound materials.

