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Cutting off interactions – but which ones?

6.1

Cut-off distance

• As we’ve already discussed, carrying out N 2 operation for each ∆t is a
time consuming task.
• For most cases, the atomic interactions can be limited within a certain
range from each particle. This range is denoted by a cut-off distance
rcut .
• Remaining problem is how to avoid the N 2 operations not only when
calculating the inter-atomic potential, but also when checking whether
rij ≤ rcut for atoms i and j.
• Still calculating N (N − 1) distances is almost as bad as evaluating the corresponding forces
Trivial (pseudo code) calculation of distances between atoms:
for i=1,N
for j=1,N
if (i==j)
dx=x(j)-x(i);
dy=y(j)-y(i);
dz=z(j)-z(i);
rsq=dx*dx+dy*dy+dz*dz
r=sqrt(rsq)
end
end
end
• This algorithm is O(N 2 ), i.e. very slow when N → ∞
• We do not want to spend time checking interactions to be ignored on
every time step
• Luckily, since we must limit the movement of the atoms to ∆x ≤ b/20 ≈
0.1 − 0.2 Å, the neighbors of each atom change seldomly (on average
after many ∆t).
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• To use this fact to our advantage, we can generate a neighbor list for
each atom. A method to do this was developed by a French physicist
Loup Verlet in the 1960s.

6.2

Verlet Neighbor List

• For generating the neighbor list, we need to define a new distance rm >
rcut , and include in the list of atom i all atoms j for which rij ≤ rm .
• Essentially, for each atom we set a zone for which the distance is calculated (and interaction possibly evaluated)

• The list has to be updated every Nm steps so that the skin distance
rm − rcut > Nm hvmax i ∆t,

(6.1)

where hvmax i is the time average for that atom which has the highest
velocity.
• A more efficient way is to monitor the total displacement of each atom
dM after each update of the neighbor list, and update when dM becomes
sufficiently large large.
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• Practical implementation of the Verlet list is to use a row-vector of
integers:

Ninbr is the number of neighbors for atom i, and j1 . . . jNinbr are the
indices of those neighbors. N is the total number of atoms.
• This is probably the easiest efficient way of constructing a neighbor list.
• However, it is not the most efficient one for a large number of particles
- still O(N 2 ) in list generation. (Done every Nm steps = the savings)
• A more advanced way is to use the O(N ) cell index method.

6.3

Cell Index Method

In the cell index method, saving takes place with the help of knowing which
atoms are located in each sub-box of the unit cell. The cell index method is
suited for cases where rc ut << L.
• In the cubic case, the simulation box can divided into a regular lattice
of M × M × M cells. Shown in 2D below.
• Cell size L/M > rcut . (Slightly)
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• Now, e.g., for an atom in cell 13, the neighbors must be in cells 13, 17,
18, 19, 12, 13, 14, 7, 8 or 9.
• With a separate list for atoms in each cell, going through them is a fast
process.
• For a 3D structure and a given atom, 27N/M 2 atom are required to be
considered instead of N .
• Obviously, to set up the list, particles have to be sorted to the different
cells.
• In order to do this, two arrays are required: (1) head-of-chain (HEAD)
and (2) list of particles (LIST).
• HEAD lists the first particle for each cell and LIST is set up so that
each elements points out the next particle in the atom-chain in that
cell. 0 denotes end of the list for the cell in question.

position
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LIST
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• Going through the atoms in cell 2 would now mean that we first would
arrive at HEAD(2) = 10 and then check LIST(10) = 9 for the next
atom, after this we would go to LIST(9) = 6 and then to LIST(6) = 4
and so forth until LIST(3) = 0.
• Hence, going through the atoms really is efficient with this method.
• As we only want to count each interaction once, after going through
all the atoms in the same cell, it is sufficient to check only half of the
neighbouring cells.
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– For example, for cell 13 in the previous picture, we could check
cells 9, 14, 18 and 19.
– The rest of the cell pairs will be checked when the other cell is in
focus.

6.4

Generally on neighbourlists

The saving of computational resources in neighbour list comes from not evaluating all distances at each step
• Typical refresh time for the neighbor list is 10-20 steps.
• Clearly the size of the list and update frequency are dependent
The use of cutoff results always in some energy to be neglected.
• Potential energy correction
Z

∞

Ecorrection = 2πρN

r2 v(r)dr

rc

can be obtained after the simulation assuming RDF g(r) = 1 in proper
units, when r > rc . Above ρ is number density and v(r) the pair potential between the atoms. This naturally does not correct the trajectory.
Sometimes multiple rcut are used for different interactions. For us, that does
not matter now.
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Solving the equations of motion

For a simple differential equation
dx
= f (x),
dt

(7.1)

a difference form can be established
x(t + ∆t) − x(t)
≈ f (x),
∆t
x(t + ∆t) ≈ x(t) + ∆tf (x)

(7.2)
(7.3)

with a ∆t small compared to phenomena described by the equation. Given
an initial condition x(0) = x0 , the equation can be solved approximately.
xn+1 = xn + ∆tf (xn ), ∀n ∈ N .

(7.4)

Generalization of (7.4) for vector xn is trivial – equations for each coordinate.
The formula above (Euler method) could in principle be directly used for
integration of the Hamilton equations of motion in two (1st order differential
equations) steps (starting from Γ0 = (r(0) , p(0) ))
(n+1)

(n)

ṗi = fi
→ pi
= pi + ∆tfi (r(n) )
(n)
(n)
(n+1)
= ri + ∆tpi /mi
ṙi = pi /mi → ri

(7.5)

obtaining Γ1 = (r(1) , p(1) ). The forces are obtained from
fi (r(n) ) = −∇ri U(r(n) )
where the potential is (hopefully) parametrized so that fi (r(n) ) are obtained
analytically. Naturally, one could easily set a similar equation for the 2nd
order Lagrange equations
mi r̈i = fi
(7.6)
provided that expression for the second time derivative is obtained. For actual
integration, however, more sophisticated algorithms are needed.
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Choosing the time step

Obviously, the time step ∆t is a critical parameter in the simulation.
• A too small ∆t makes the calculations inefficient
(take a very long time.)
• A too large ∆t will also cause problems
– Atoms can get too close to each other, which leads to large sudden
changes in kinetic energies, which is of course completely unphysical.
– The integrated solution diverges from the actual one too quickly
– Energy conservation becomes more of a problem.
(One way to spot too large time step)
– Reversibility condition will start to fail.
• Although wasting resources, using too small ∆t gives correct result. It’s
therefore better to err towards a too short ∆t rather than a too high
one.
Conventionally, ∆t has been a constant throughout the simulations, and has
been chosen using some rules-of-thumb, based on experience.
• For example, the distance traveled by the atoms should be limited to
1/20 of the interatomic distance b (∆x = v∆t ≤ b/20)
• Oscillation of a bond should have period larger than 10∆t
• From equipartition theorem


1
1
2
mi vi,α = kB T
2
2
• While hvi i =

qP

α

2
vi,α

, this leads to hvi i =

(7.7)
q

3kB T
mi

• As the distribution goes much beyond the hvi i, we use 5 hvi i as the
velocity for the estimation:
r
∆x
∆x
b
mi
5 hvi i =
⇔ ∆t =
≤
(7.8)
∆t
5 hvi i
5 × 20 3kB T
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• For Cu at 300 K (fcc, L=3.62Å) this means
∆t ≤ 7.46 fs

(7.9)

However, conservation of energy yields the ultimate test for any choice.
In practice, for Cu at 300K, ∆t ≤ 4 fs is needed for stability. For water at
300K and 1 bar, ∆t ≤ 0.5f s is required.
• Therefore, even with the rules-of-thumb, one has to test the suitability
of a certain ∆t for every new system, new potential and new process.
• In standard MD, ∆t is limited by the fastest process expected to happen
during the simulation.
7.1.1

Estimation on simulation time

• Realistic potentials require O(100) operations / atom / ∆t.
• With ∆t = 1 fs, N = 106 , we need 100 × 106 × 1015 /109 = 1014 floating
point operations for simulating a 1 ns = 10−9 s process.
• A modern desktop CPU typically has a clock frequency of ∼ 2 GHz
and provides performance in the range of a few GFLOPS (109 floating
point operations per second).
• With a modern desktop CPUs (couple GHz, a couple Gflops) this would
require calculating for 1014 /109 = 105 s = 30 h – and, a 1 µs process
would require for longer than 3 years.
A possible trick is to use adaptive time step depending on the maximum
velocities of the particles during the simulation


∆xmax
∆Emax
∆tn+1 = min
,
, c∆t ∆tn , ∆tmax
(7.10)
vmax
Fmax vmax
where ∆xmax is the maximum allowed distance moved during any ∆t (e.g.
0.1 Å), ∆Emax is the maximum allowed change in energy (e.g. 300 eV), vmax
and Fmax are the highest speed and maximum force acting on any particle at
t, respectively, c∆t prevents sudden large changes (e.g. 1.1), and ∆tmax is an
ultimate limit for the time step.
For research use there are supercomputers available, too. Using
them becomes inevitable.
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Finite difference methods

Now we know how to define the ∆t and assume that for all r, we can obtain f (r). In the beginning of the chapter we derived a simple algorithm to
integrate the equations of motion. Finite difference methods are a group
of methods which aim on solving differential equations by small increments
to the initial values. Of course, there are better and worse choices for the
algorithm.
• The a MD simulation algorithm should
(a) Be fast, and consume little memory
(b) Allow using large ∆t
(c) Produce correct trajectories
(d) Satisfy the conservation laws for E and P, L
(e) Be simple in form and easy to implement
• NOTE: All of the above points are not equally important.
• As the force calculation is typically the most time-consuming part of
an MD run, the efficiency of the integration routines is of less concern
than the ability to use a large ∆t.
7.2.1

Predictor-Corrector algorithms

For a system with smooth potential function U, the positions, velocities, etc
can be expanded as Taylor’s expansion with respect to time
1
1
rp (t + ∆t) = r(t) + ∆tv(t) + ∆t2 a(t) + ∆t3 b(t) + . . .
2
6
1 2
p
v (t + ∆t) = v(t) + ∆ta(t) + ∆t b(t) + . . .
2
ap (t + ∆t) = a(t) + ∆tb(t) + . . .
p

b (t + ∆t) = b(t) + . . .

(7.11)
(7.12)
(7.13)
(7.14)

where v = ṙ, a = v̇ = r̈ and b = ȧ = v̈. Superscript p stands for predictor. The degree to which expansion (7.11) is truncated is the order of the
integration method.
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• The third derivative b can be approximated by using information from
previous time steps:
{r(t), v(t), a(t − ∆t), a(t − 2∆t)}
or
{r(t), v(t), a(t), a(t − ∆t)}
These values will not lead to correct trajectories.
• We need a corrector step using EoMs.
– Predicted coordinates rp (t + ∆t) are used to calculate the forces
at t + ∆t, and hence the correct accelerations ac (t + ∆t)
• We can now estimate the error made in the predictor step
∆a(t + ∆t) = ac (t + ∆t) − ap (t + ∆t).

(7.15)

• This error is used to correct the calculated values:
rc (t + ∆t)
vc (t + ∆t)
ac (t + ∆t)
bc (t + ∆t)

= rp (t + ∆t) + c0 ∆a(t + ∆t)
= vp (t + ∆t) + c1 ∆a(t + ∆t)
= ap (t + ∆t) + c2 ∆a(t + ∆t)
= bp (t + ∆t) + c3 ∆a(t + ∆t)

(7.16)

– This the the so-called four-value Gear algorithm with four unknowns: c0 , c1 , c2 , c4 .
– Values for the coefficients depend on the equation which is to be
solved.
– The corrector step can be iterated for greater accuracy. (Done
by marking "corrected"vectors as "predictors"and calculating new
"corrected"vectors)
– In MD, however, this is in practice rarely done because it renders
the force calculation inefficient.
– Therefore, accurate predictor step (eq. 7.14) is essential.
Predictor-corrector algorithms involve evaluation of the forces in each correction step, and therefore few (if any) iterations are feasible. More realistic
algorithms will be now reviewed.

7.2

Finite difference methods

7.2.2

61

Verlet Algorithm

• The Verlet algorithm is based on the following Taylor expansion:
r(t + ∆t) = r(t) + ∆tv(t) + 12 ∆t2 a(t) + . . .
r(t − ∆t) = r(t) − ∆tv(t) + 12 ∆t2 a(t) + . . .

(7.17)

• Summing up gives:
r(t + ∆t) + r(t − ∆t) = 2r(t) + ∆t2 a(t)
⇒
r(t + ∆t) = 2r(t) − r(t − ∆t) + ∆t2 a(t)

(7.18)

• Hence, in essence, the algorithm works as
{r(t), a(t), r(t − ∆t)}

→

{r(t + ∆t), a(t + ∆t)} .

• The missing velocities can be calculated afterwards as:
v(t) =

r(t + ∆t) − r(t − ∆t)
.
2∆t

• The error made per iteration is O(∆t4 ) – for the velocities O(∆t2 ).
• Memory requirement is O(9N ) (quite compact).
• Verlet algorithm conserves energy, but has some numerical problems
(mainly due to adding a small number O(∆t2 ) to much larger values
in eq. 7.18).
• Also the linear momentum is conserved because of the conservative
forces - a(t) is always directly calculated from the forces.
• Because of the symmetric usage of r(t+∆t) and r(t−∆t) the algorithm
is time reversible.
• However, the velocity handling is ackward (r(t+∆t) is needed for v(t)).
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Leap-Frog Verlet

• This algorithm was invented in order to tackle some of the problems of
the standard Verlet.

• The name is apparent from the equations:


v t + 12 ∆t = v t − 12 ∆t + ∆ta(t)
(7.19)
r(t + ∆t)

= r(t) + ∆tv t +

1
∆t
2



• a(t) is obtained knowing r(t) and (U(r(t)))

• The first yields the next mid-step velocities v t + 12 ∆t .
• New positions are then obtained from the latter equation
• Current velocities can be calculated with:
 



1
1
1
v(t) =
v t + ∆t + v t − ∆t .
2
2
2

(7.20)

• This is needed in order to keep equation H = K + U true at t when
calculating the energy of the system.
• One of the advantages of this algorithm is the fact that velocities appear
explicitly – which is needed, e.g., when scaling the temparature of the
system (we’ll come to this soon during the lectures).
• Numerical stability is also obtained because now there are no equations
in which very small numbers would be added to significantly larger ones.
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Velocity Verlet

• The third Verlet method stores all the quantities at the same time (r(t),
v(t), a(t)) and also minimizes the round-off errors.

• This algorithm takes the form
r(t + ∆t) = r(t) + ∆tv(t) + 21 ∆t2 a(t)
(7.21)
v(t + ∆t) = v(t) +

1
∆t [a(t)
2

+ a(t + ∆t)] .

• For this algorithm, it is sufficient to store r, v and a.
• First, new positions are calculated from the first equation.
• Then, from the equations of motion, the a(t + ∆t) is calculated and
then used for the new velocities v(t + ∆t).

• Velocity Verlet is usually implemented in in a three-step format
r(t + ∆t)

= r(t) + ∆tv(t) + 12 ∆t2 a(t)


v t + 21 ∆t = v(t) + 21 ∆ta(t)
v (t + ∆t)

(7.22)


= v t + 12 ∆t + 12 ∆ta(t + ∆t).

• At this point, the K is available, and the U has been evaluated when
calculating the forces.
• Velocity Verlet does not require more memory than the standard Verlet,
and its numerical stability, convenience and simplicity make it a very
attractive candidate for MD codes.
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On the accuracy of the simulation

The accuracy of algorithms can be tested against simple test systems with
analytic solutions – like the harmonic oscillator or Lennar-Jones liquid.
• There is no algorithm which would produce correct trajectories for an
infinite time. Any small perturbation will cause the computer-generated
trajectory to differ from the true classical trajectory.
• The Lennard-Jones potential
v

LJ

(r) = 4

 
σ 12
r

−

 σ 6 
r

can be studied in reduced units (ρ∗ = ρσ 3 , T ∗ = kB T / and t∗ =
(/(mσ 2 )1/2 t) )
• we define instantaneous deviation |∆r(t)| of two trajectories {r0 (t)}
and {r(t)} by
X
|∆r(t)|2 = 1/N
|ri (t) − r0i (t)|2
i
0

and consider trajectory {r (t)} and a deviated trajectory{r0 (t)}, that
differs 10−3 ,10−6 ,or 10−9 times σ at t = 0.

ρ∗ = 0.6, T ∗ = 1.05 and ∆t∗ = 0.005
• Both kinetic energy deviation and |∆r(t)| of the trajectories diverge.
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• Fortunately, small deviations from exact trajectories are not critical for
our calculation, as MD serves mainly two purposes:
(1) We need essentially exact solution for the equations of motion for
the time scales relevant to the correlation times of interest.
(2) The states generated by MD are used for sampling.
• The most crucial issue regarding the reliability of MD calculations (wrt.
equations of motion) is the energy conservation.
• Momentum conservation (dP/dt = 0) is similarly important, but easier
to achieve.
• For the trajectories, we require them to stay on the appropriate constant–
energy hypersurface in phase space in order to generate correct ensembles.
• Larger ∆t will lead to less accurate energy conservation and hence there
is always a trade-off between accuracy and efficiency when ∆t is chosen.
• Another factor resulting in possible problems with energy conservation
is a rapidly varying potential function.
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For short time-steps, the predictor corrector algorithms may be more
accurate, but for the longer ones the Verlet may be better.
• 4-value Gear requires 15N number storage, 5-value 18N
• Predictor steps not accounting for neighbor movement are not reliable,
increasing order does not help
• Since Predictor-corrector algorithms rely on accurate predictor steps
to minimize the number of U(r) evaluation, they have little to offer
compared to simpler Verlet methods.

(Source: Allen & Tildeslay) Simulation of Lennard-Jones liquid with same
parameters as before. For larger time steps velocity Verlet algorithm yields
better energy conservation, scaling
δH2

1/2

∝ ∆t2
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Being a stable self-starting (no r−1 needed) algorithm, with synchronized
velocities, Velocity verlet algorithm is a good choice for numerical integration
of the EoMs.
Some suggested time steps for normal conditions. The values are order of
magnitude smaller than period of fastest motion in the described system.
System
Atoms
Rigid molecules
Flexible molecules, rigid bonds
Flexible molecules, flexible bonds

7.4

Types of motion present

Time step (s)

Translation

10−14

Translation and rotation
Translation, rotation and torsion
Translation, rotation,
torsion and vibration

5 × 10−15
2 × 10−15
10−15 or
5 × 10−16

Constraint dynamics

As motivated above, in certain cases there is no need to model all Nf = 3N −3
(or something like that) degrees of freedom in the system. Constraints can be
used to remove some degrees of freedom and speed up simulations allowing
larger time steps to be used. The most common use of constraints is to fix
bonds with hydrogens. This allows a time step twice as large to be used. In
more general the benefits can be
• Fixing rapidly oscillating bonds allows larger ∆t
• Save resources neglecting oscillation of bonds. Sometimes those are not
as interesting as torsions (conformations).
• Quantum nature of hydrogen
7.4.1

Holonomic constraints

Constraints can have many different forms, naturally.
• Usually there is no clear choice for generalized coordinates (unlike θ in
the pendulum case, where rope length r could used as constraint)
• Moreover cartesian coordinates are preferred
• Therefore a set of constraint equations are introduced and solved together with the EoMs
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Holonomic constraints are a special case where the constraint can be formulated as an equation
f (q1 , ..., qN , t) = 0.
(7.23)
A typical constraint fixing the distance between two atoms i and j to be
d > 0 would read
|ri − rj |2 − d2 = 0.
(7.24)
The k equations of holonomic constraints reduce the number of degrees of
freedom by k. For a pbc this would mean Nf = 3N −3−k degrees of freedom.
The reduced number of degrees of freedom needs to be taken into account
for example in evaluation of temperature. Holonomic constraints are applied
by the use of Lagrange multipliers λ.
7.4.2

Constraint algorithm SHAKE

The most commonly used constraint algorithm in MD is SHAKE.
• relies on holonomic distance constraints
• angles can be constrainted too
For the Verlet algorithm, the step with constraints has the form
ri (t + ∆t) = 2ri (t) − ri (t − δt) +

X λik ∆t2
∆t2
fi (t) +
rij (t),
mi
m
i
k

where additional forces due to the k constraints involving atom i (and j)
have emerged (the last term). The constraints can be seen giving a force that
corrects the positions ri (t + ∆t). In the SHAKE algorithm the EoMs are
solved together with the holonomic bond length constraint equations. The
procedure is to solve all ri and λik in an iterative manner
• making one constraint satisfied violetes the others
• Tight predefined tolerance until reaching which equations are iterated.
– Fluctuation due to constraints should be made much smaller than
other sources of error, like cutoff of forces.
• Constrained degrees of freedom need to be weakly coupled to the remaining degrees of freedom to allow proper phase space sampling (for
the constraints not to affect the movement of the molecule.)
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• Sampling of other degrees of freedom (propability distribution ρens )
should remain unaffected. For example torsions should be sampled properly with distance restraints.
Ideally, constraints must not affect the ability of a conformationally active
molecule exploring the configurational spaces of unconstrained degrees of
freedom. This is a strong assumption difficult to prove in cases of numerous
coincident angle bending/rotations.
The SHAKE algorithm has been formulated for predictor-corrector, as
well as the three Verlet froms. The formulation of SHAKE in velocity Verlet
algorithm is called RATTLE.

Summary
• For solving the equations of motion, we need a time step ∆t.
• Large ∆t means faster simulations, but causes problems such as nonconserved energy.
• If no energetic processes are involved, typically ∆t ≈ 1 − 10 fs is reasonable.
• To reduce the O(N 2 ) scalability, a neighbour list is generated.
• The equations of motion are solved with a numerical algorithm, for
which many alternatives exist.
• Velocity Verlet is a stable and simple algorithm.
• Constraints may be used to reduce the number of degrees of freedom
and speed up simulations.

