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Ionic Interactions
Ionic Systems

• Ionic compounds are materials that are held together by electrostatic
interactions between oppositely charged bodies.
• The electrons are localized around the atoms, as opposed to free electrons in a metallic system
• Ionic compounds are usually very hard and brittle – the ionic interactions give rise to a very stable structure, but upon small displacement,
ions of same charge come into proximity and interactions become repulsive.
• Generally they are electrical insulators in solid state. In liquid state
they are, however, electrical conductors.
• The typical example of an ionic solid is sodium chloride (NaCl).

It is a typical alkali halide (X– Y+ ), with a simple rock salt structure.
• Ionic materials often have high melting and boiling points.
Ionic liquids have melting point below room temperature.
• Some ionic compounds are glass formers, i.e. can form non-crystalline
solids
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Interactions in ionic compounds can be simply described via Coulombic
interactions:
e2 z1 z2
UCoul =
(17.1)
4πε0 rij
With z1 and z2 are typically being fractional charges describing the ionicity
of the material. For example, for NaCl ionic charges are 1.0, for GaN 0.5, for
GaAs 0.2, and for Si 0.
However, this does not take into account the repulsion at short interatomic distances. Therefore, the total energy must be built from two components:
e2 z1 z2
U(rij ) = USR (rij ) +
(17.2)
4πε0 rij
The short-range term USR contains the repulsion of the electron shells, and
possibly an attractive van-der-Waals term. Several forms have bee suggested
for this. Some commonly used potentials are:
· Buckingham

USR (r) = A exp(−r/ρ) −

C
r6

· Born-Huggins-Mayer USR (r) = A exp[−B(r − σ)] −
· Morse

C
r6

−

D
r8

USR (r) = D exp[−2α(r − r0 )]
−2D exp[−α(r − r0 )]

While the repulsion term typically is limited to interactions with the
nearest neighbour, the van-der-Waals term typically includes second-nearest
neighbour interactions.
This could already be sufficient to model purely ionic materials. However,
• in reality, all ionic compounds exhibit at least a tiny bit covalent nature.
• Also, covalently bonded materials often exhibit some charge separation
which leads to an electrostatic contribution in the total energy.
• Partial charges are also very important for organic materials.
Therefore, also models for ionic materials require additional terms.

17.2

Vashishta SiO2 Potential

As an example of an ionic interaction model, we look at the SiO2 potential
by Vashishta and co-workers [Phys. Rev. B 41, 12197–12209 (1990)].
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• SiO2 is one of the most extensively studied materials in condensedmatter physics.
• However, as crystalline SiO2 exhibits up to 40 different structures, making it difficult to construct a working potential.
• Luckily, only cristobalite, quartz, coesite, and stishovite have a temperature-pressure field of stability for chemically pure SiO2 (they are
stable without any additional stabilizing elements).
The potential introduced by Vashishta et al. is summarized as consisting of a
two-body term, and a three-body term that describes covalent interactions:
„The two-body contribution to the interaction potential consists of steric
repulsion due to atomic sizes, Coulomb interactions resulting from charge
transfer, and charge-dipole interaction to include the effects of large electronic
polarizability of anions. The three-body covalent contributions include O-SiO and Si-O-Si interactions which are angle dependent and functions of Si-O
distance.”
As the authors mention, simple monoatomic systems that form closepacked structures can be suitably described using pair potentials. Elemental
semiconductors as Si or Ge, however, require a three-body term to correctly
model the covalent interactions that give rise to the diamond structure of
these materials.
However, the situation is more complicated in AX2 -type semiconductors
and insulators that can be described as consisting of A4+ and X2– ions. As a
result of charge transfer, A4+ ions are smaller than X2– ions. Thus, the twobody interaction potentials for these systems needs to include at least steric
repulsion and long-range Coulomb interactions. The most primitive model
for this would be the charged hard-sphere model. However, since negative
ions such as 0, S, Se, and Te are very large and thus highly polarizable, the
electronic polarizability of these ions is an important term in the interaction
potential.
In the Vashishta potential, the total energy comprises of two parts, as
mentioned above:
X
X
U=
U2 (rij ) +
U3 (rij , rjk , rik )
(17.3)
i<j

i<j<k
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Where the two-body term consists of three terms as follows:
1
(αi Zj2 + αj Zi2 )
Hij Zi Zj
2
−
U2 = ηij +
exp[−r/r4s ]
r
r
r4

(17.4)

With:
1. Steric repulsion due to size of particles.
2. Coulomb interactions to take into account charges.
3. Charge-dipole interaction due to electronic polarizabilities.
Above, Hij and ηij are the strengths and exponents of the steric repulsion,
Zi and αi represent the effective charge and electronic polarizability of the ith
ion, respectively. For A4+ and X 2− the effective charges Zi can be expressed
as +4Q and −2Q, respectively, where Q is the unit of charge transfer (in the
Vashishta model for SiO2 Q = 0.4).
The exponential screening term in the charge-dipole interaction is used to
provide a reasonable cut-off for the ∝ r−4 interaction. The value of the decay
length r4s is chosen so that the magnitude of the charge-dipole potential is
reduced to a few percent of the term without the exponential over the length
of the simulated cell (a few Å).
Although there are in principle six three-body interactions in AX2 -type
systems, the two by far most important terms involve X−A−X and A−X−A,
as A−X represents the smallest bonds with the strongest attractive energy.
The three-body X−A−X and A−X−A terms include variations of A−X bond
length, and of 6 (X−A−X) and 6 (A−X−A) bond angles.
U3 = Bjik f (rij , rik )p(θjik , θ̄jik )

(17.5)

with Bjik being the strength of the three-body interaction, the function
f (rij , rik ) representing the effects of bond stretching, and p(θjik , θ̄jik ) the
effects of bond bending.
The expressions used for these are:
h
i
(
l
l
exp rij −r0 + rik −r0 for rij , rik < r0
f (rij , rik ) =
(17.6)
0
for rij , rik ≥ r0
and
p(θjik , θ̄jik ) = (cos θjik − cos θ̄jik )2

(17.7)
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with r0 being the cut-off distance for the three-body interaction. The form of
the function for the bond stretching term is chosen so that it cuts off without
discontinuities at r0 . The three-body contribution vanishes when θjik = θ̄jik ,
and is positive otherwise.

Three-body terms directly connecting atoms of the same type are
not included, and pair interactions
Si−Si and O−O are always repulsive.

Thus, in total there are only 18 parameters to fit in this model:

Of these, r0 and l are identical for both X−A−X and A−X−A terms, and
the polarizability of A4+ is chosen to be αA4+ = 0 due to the very small size
of the ion.
Despite its simplicity, it reproduces the experimentally observed lowenergy structures with a reasonable accuracy. For example, the densities
of two phases; α-cristobalite: 7.16 vs. 7.088×1022 cm−3 , α-quartz: 8.03 vs.
7.956×1022 cm−3 .
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Below a comparison of different structures (all results by the model)

One of the reasons such a simple potential works reasonably well for many
different structures is the fact that most SiO2 structures are built of the same
connected tetrahedra.

17.3

Environment-Dependent Charge Transfer

147

However, since the Vashishta potential is limited to structures consisting
of tetrahedra, it isn’t able to describe e.g. SiO structures or pure-Si structures.
A more general model for Si/O systems was developed by Watanabe et
al. [Appl. Surf. Sci. 234, 207–213 (2004)]. It depends, however, on substantially
more parameters:

17.3

Environment-Dependent Charge Transfer

In any charge transfer model, if the charge of the ions is fixed by the ion
type, problems will results in any non-equilibrium conditions. One example
would be a Si−SiO2 interface structure where the Si atoms in the Si bulk
would exhibit no charge, whereas those on the other side of the boundary
would.
A way to solve this problem is to implement environmental dependency
for the charges. One approach to do this has been proposed by Streitz and
Mintmire [Phys. Rev. B 50, 11996–12003 (1994)]. They formulate the electrostatic
energy Ues of a set of interacting atoms with total atomic charges qi as the
sum of atomic energies Ei , and the electrostatic interaction energies between
all pairs of atoms:
X
1X
Ues =
Ui (qi ) +
Uij (rij ; qi , qj )
(17.8)
2
i
i6=j
with the Coulomb pair interaction given by the electrostatic interaction:
Z
Z
3
Uij (rij ; qi , qj ) = d r1 d3 r2 ρi (r1 ; qi )ρj (r2 ; qj )/r12
(17.9)
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Here ρ(r; qi ) is the charge distribution (including the nuclear charge) about
atom i for total charge qi . In the simplest case – modelling this charge as a
point charge – this would give
Uij (rij ; qi , qj ) = qi qj /rij

(17.10)

In the potential of Streitz and Mintmire, an atomic-charge-density of the
following form is assumed:
ρi (r; qi ) = Zi δ(r − ri ) + (qi − Zi )fi (r − ri )

(17.11)

Here, Zi is an effective core charge, which should satisfy the condition 0 <
Zi < Zi with Zi being the total nuclear charge of the atom. The function
fi describes the radial distribution of the valence electrons in space. The
atomic-density distribution is modelled as a simple exponential of the form
fi (|r − ri |) = (ξi3 /π) exp(−2ξi |r − ri |)

(17.12)

which can principally be constructed from Slater 1s orbitals. This has, however been chosen purely based on mathematical convenience. For less ionic
materials the authors suggest that this model could be extended by implementing a distribution which is not spherical in space (constructed from, e.g.,
p and d orbitals).
• The potential applies the idea of electronegativity equilibration between
charge densities.
• The exact partial charge qi is solved on each site during each MD
iteration (through minimisation of Ues ).
• The electrostatic energy is, however, only one of the components of
the total energy of the system (the method was developed for metaloxide/metal systems). The rest of the interaction can in principal be
described in any other way.
– The authors first used the electrostatic energy together with pair
interaction energies, but this lead to problems at surfaces.
– In the article, an EAM (embedded-atom method) implementation
is presented.
– As a summary, the potential model combines the electrostatic potential with an embedded-atom method potential, which the authors refer to as the electrostatic-plus (ES+) model.
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Shell Model

In the Shell model, atomic polarization is modelled according to the DickOverhauser model [B. G. Dick and A. W. Overhauser, Phys. Rev. 112, 90–103 (1958)]:
• Each ion is represented by a core charge Q at rc and a massless charged
shell with charge q at rs .
• Qi and qi are connected by a harmonic spring (see figure).
• The equilibrium distance |rci −rsi | between the core and shell represents
the electronic polarization.
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The electrostatic interactions between atoms now include shell-shell, coreshell, and core-core terms
UES =

N
X
i<j

+

N

X
qi qj
Q i qj
+
4πε0 |rsi − rsj | i<j 4πε0 |rci − rsj |

N
X
i<j

N

X
qi Qj
Qi Qj
+
4πε0 |rsi − rcj | i<j 4πε0 |rci − rcj |

(17.13)

Short-range repulsion and van der Waals forces are calculated between shells.
• Now MD time evolution is calculated for 2N particles (cores and shells).
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In a 3D system convergence of forces becomes a problem when the decay
is slower than ∝ r−3 . Hence, the exponentially decreasing potentials (e.g.,
Morse, Lennard-Jones) are not problematic, but the Coulombic potential∝
r−1 clearly is. This means that the conventional periodic boundaries cannot
be used for ionic interactions.
There have been different approaches to circumvent this problem.
17.5.1

Ewald Summation

This method has been introduced with the goal to handle long ranged interactions in periodic boundary condition. Even though more efficient methods
have been developed recently, it is very widely used.
In Ewald summation he Coulombic energy is summed over the cell itself
as well as all the periodic images.
"
#
X
X
X
1
Z1 Z2
(17.14)
U ZZ (r) =
2 n
|rij − n|
i
j
where Z1 and Z2 are the charges of particles, the n are the periodic images
(nx L, ny L, nz L), nx , ny , nz = −∞, . . . , −1, 0, 1, . . . , ∞ and i,j are atoms in
the cell.
Formulated as such, this sum doesn’t necessarily converge. This can be
overcome by changing the summation order. For example, this can be done
by summing the cells radially outwards from the origin.
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new
old
initial

Each cell has neutral charge, but the charges inside the cell can be formulated
as dipoles, quadrupoles etc. at long distances. However, due to the symmetric
summation, these now cancel each other.
According to Ewald’s suggestion, the potential should be written instead
of a single slowly and conditionally convergent series as above, as a sum of
two rapidly converging series plus a constant term.
UEwald = U r + U m + U O

(17.15)

The different parts of this sum are the real (direct) space sum (U r ), the
reciprocal (imaginary, or Fourier) sum (U m ), and the constant term (U O ),
known as the self-term. The role of the self-term is to cancel out the interaction of the introduced artificial counter-charges with themselves. Physical,
the decomposition of the lattice sum can be interpreted as follows:
• Each point charge in the system is viewed as being surrounded by a
Gaussian charge distribution (in principle any type of distribution can
be chosen) of equal magnitude and opposite sign.
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This introduced charge distribution screens the interaction between neighbouring point-charges limiting them to a short range. Consequently, the sum
now converges converges rapidly.
• In order to counteract this added Gaussian distribution, a second Gaussian distribution of the same sign and magnitude is added for each point
charge.
Now, the summation is carried out in reciprocal space using Fourier transforms.
For a system with charges, also the surrounding medium has an effect: in
a perfect conductor (ε = ∞), the Ewald summation works without any addition. However, if the system is in vacuum (ε = 1), a dipole layer should form
at the surface. This can be taken into account by adding a dipole term in
the summation. The dipole term includes the effects of the total dipole moment of the unit cell, the shape of the macroscopic lattice, and the dielectric
constant of the surrounding medium.
Overall, the final outcome of the potential becomes rather complicated,
but luckily ready-made programs exist for Ewald summation. . .
There are only three parameters one has to choose for Ewald summation:
• Cutoff radius rc
• Width of Gaussian charge densities κ
• Upper limit for summation in the reciprocal space |k|2max
17.5.2

Other Solutions For Long-Range Interactions

One alternative is to ignore direct interactions with neighbours farther away
than rc , and instead treat them as a continuous medium with a certain permittivity εS . This is called the reaction field method. Inside a cavity R (i.e.,
within the cut-off), the forces and energies are calculated normally.
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Additionally, the continuous medium polarizes, which leads to a force on
molecule i within R.
2(εR − 1) 1 X
Ei =
µj
(17.16)
2εS + 1 rc3 j
The problem with this method is, however, that the continuum property εS
must be known in advance.

Another approach is to model different regions of space with different
resolutions. One such method has been implemented as the fast multipole
method.

The fast multipole method is carried out by stepwise partitioning of the
system:

17.5

How to Calculate Ionic Interactions?

154

• Level 0 represents the simulation cell itself.
• At level 1 the reference cell b only has near neighbours.
• At level 2 the near neighbours from level 1 have been divided further
and are now far neighbours. Interactions between far neighbours are
calculated as multipole expansions.
• At higher levels additional layers of near neighbours become far neighbours and are calculated via multipole expansions.
• Eventually division becomes so fine that remaining interactions can be
calculated as atom pair interactions.
This calculation scales as O(N log N ):
• At every level the calculation of multipole expansions scales as O(p2 N ).
• Number of levels is O(log N ).
O(N ) behaviour can be obtained by calculating multipole expansions only
at the smallest divisions from atom positions. These results can be combined
to calculate the expansions in coarser levels by so-called translation of a
multipole expansion. Also, it is straight-forward to parallelise this method.
As this method is very general, it can be applied in a number of fields as
plasma dynamics, fluid mechanics and in astronomy.

Summary
• Ionic materials are bound by the ion-ion electrostatic interactions which
arise due to charge separation.
• An ionic interaction model can be constructed from a Coulomb term
and a short-ranged repulsive term which can contain the van-der-Waals
interaction.
• The charges used in the interaction must represent the actual order
of ionic bonding in the material. For flexibility, an environmentallydependent charge for the ions should be implemented.
• In the case of potentials decreasing slower than ∝ r−3 , like those arising
from Coulomb interactions, conventional periodic boundaries cannot be
used.
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• Method for dealing with this type of system comprise:
– Ewald summation – summing symmetrically over interactions in
direct and reciprocal space.
– Reaction field methods – treating the system outside a cut-off
radius as a continuum.
– Fast multipole method – dividing cells stepwise and treating interactions between far neighbours by multipole expansion.

