
NUCLEAR PHYSICS
Exercise set # 11

Turn in your solutions WEDNESDAY,
Nov. 29th, BEFORE NOON

Fall term 2017
Period 2

Nuclear Models (i) Refinements of the shell model: Hartree-Fock theory, residual interaction, and
configuration mixing (iii) Collective models: nuclear deformation, vibrations, rotations, and all that.
Literature: Lecture notes 10, Bertulani: Chapter 5 (B-5); Krane: Ch 5 (K-5); B.A. Brown: Ch 14 and
22 (BAB 14, 22). Note the different formulation in the various sources.

1. Configuration Mixing: (B-5.5, BAB)

The full shell-model Hamiltonian with all the nucleons allowed to distribute on the available
singe-particle orbits and interacting via nucleon-nucleon and three-nucleon interactions must be
truncated and the model space limited, in order to be able to perform the numerical calculations
in reasonable time. Therefore, an unperturbed Hamiltonian, H0, together with its limited set of
eigenfunctions ψ(0)

i is combined with the residual interaction Hres, to estimate corrected level
energies.

(a) By expressing the eigenfunctions of the total Hamiltonian in terms of the ψ(0)
i , the problem

is reduced to finding the solutions of det (H − λI) = 0. Show that in the simplest non-
trivial case with only two levels, the equation to be solved is∣∣∣∣ε1 + V11 − λ V12

V21 ε2 + V22 − λ

∣∣∣∣ = 0 (1)

(b) Find the two eigenvalues λ to show that in the limit of vanishing non-diagonal matrix ele-
ments, we could equally well use perturbation theory.

(c) Explore the limiting cases when the two states are degenerate “originally”?

(d) Often the diagonal matrix elements Vii are assumed to depend linearly on some (model)
parameter ν but let the non-diagonal ones remain approximately constant (V ≡ V12 = V21)
at the same time. Show that the energies behave (as a function of ν) qualitatively as shown
below:

2. Proton and neutron single-particle energies: (BAB 14.3)

The single-particle energies of a proton in the 1d5/2, 2s1/2, and 1d3/2 shell-model orbits relative to
the closed 16O core can be determined from the experimental masses and single-nucleon binding
energies in the following way:

The total energies for the closed shell, one-particle (and one-hole) configurations are the interac-
tion energies E measured for the respective nuclei, where the total binding energy BE = −E.

E(16O) = E(C) = −127.619 MeV
E(17O) = E[C, 1d5/2 neutron] = −131.763 MeV ε1d5/2neutron = E(17O)−E(16O) = −4.144 MeV
E( 17F) = E[C, 1d5/2 proton ] = −128.220 MeV ε1d5/2proton = E( 17F)−E(16O) = −0.601 MeV

(a) Determine in the similar way the single-particle energies for the single neutron-hole and
proton-hole states in 15O and 15N.

(b) Use the experimental excitation energies in 17O and 17F to determine the single-particle
energies for the 1d3/2 and 2s1/2 orbits.
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3. Collective Models: Nuclear Vibrations (B:5.6)

Consider collective excitation modes that affect the nucleus as a whole and not just a few nu-
cleons. One possible model to describe such collective motion assumes that the nuclear surface
oscillates around an equilibrium (spherical) shape, the nuclear surface being described with the
radius of the form

R(θ, φ, t) = R0

1 + ∞∑
λ=0

+λ∑
µ=−λ

αλµ(t)Y
µ
λ(θ, φ)

 .
As discussed in Bertulani, p. 145, the λ = 0 mode cannot exist if volume conservation is required
and the λ = 1 corresponds to spurious centre-of-mass motion. The lowest physically interesting
vibration mode is thus λ = 2 describing quadrupole oscillations.

(a) Calculate the volume of the nucleus in a quadrupole oscillation mode, λ = 2, µ = 0. [Hint:
Use the orthogonality of the spherical harmonics and keep only terms up to αλµ(t)2]

(b) With the help of a table similar to B:Table-5.6 show that the only allowed states by coupling
of three quadrupole phonons are 0+, 2+, 3+, 4+, and 6+.

(c) The second 2+ state of a vibrational band has an energy of 392 keV and the first 4+ state
has an energy of 355 keV. Estimate the energy of the first 2+ state and the energy of the first
6+ state.

4. Collective Models: Nuclear Deformation and Rotations (B: 5.9)

The origin of the (permanent) deformation of some nuclei can be understood qualitatively by
considering a case where the first unoccupied state above a closed shell has L = 2, see the
discussion in B:5.7. As a result of the deformation, the energies of the states (eigenvalues of the
rotational Hamiltonian)

E(I) = CI(I + 1) +B,

where C = ~2
2J with J the moment of inertia with respect to the symmetry axis of the assumed

axial deformation. The constant B is related to the coupling between the intrinsic spin and the
collective rotation.

(a) Even-even nuclei, B = 0: The nucleus 164
68 Er is assumed to be deformed, with the first

2+ excited state at 91.4 keV belonging to the ground-state rotational band. Estimate the
moment of inertia in the rotational model and predict the spin-parity and energies of the
four higher states of the band.

(b) The experimental energies (in keV) of the γ-ray transitions (all are E2, electric quadrupole)
between the above levels are 208.1, 315.0, 410.2, and 493.5. Determine the moment of
inertia separately for each state and interpret the results.

(c) Odd-A nucleus, B = −C K(K + 1):
Assuming the first three levels at 0, 40, and 96 keV to form a rotational band, predict the
energy of the 11

2 state, also a member of the band. [Hint: What is the K for the band?]

(d) In another odd-A nucleus, the 3
2 ground state is the band-head of the rotational band with

the tree other members at excitation energy of 12, 32, and 60 keV. Determine the parameters
of the band and predict the spins and parities of all the levels. [Hint: There are two possible
values of K.]
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