
NUCLEAR PHYSICS
Exercise set 8 SOLUTIONS

Fall term 2017
Period 2

Fermi’s Golden rule, nuclear decay in general, alpha- and cluster decay, UDL
See: Lecture Notes, Bertulani, Chapters 6 and 7 (B6-B7); S. Krane, Chapters 6 and 7 (K6&K8); B.A.
Brown: Lecture Notes 2011 (BAB)
If you need data not given in the problem, refer the source where you found it (Please, learn using
www.nndc.bnl.gov; you can even download a smartphone app, Nuclear Wallet Cards!).

1. Within the nuclear fission process, atomic nuclei far from the region of beta-stability are formed
with independent formation probabilities Q1 and Q2 (for species 1 and 2, respectively). These
nuclei decay with decay probabilities of λβ− and λγ, respectively, to form stable nuclei.

(a) Calculate N1, N∗2 , and N2 as functions of time (with initial conditions N1 = N∗2 = N2 = 0 at
t = 0).

(b) Is there a possibility that N∗2 (t) decays with a pure exp(−λβ−t) decay law?

Solutions

(a) The decay and production of the various nuclei are described by the set of differential equa-
tions

dN1

dt
= −λβN1 +Q1 (1)

dN∗2
dt

= −λγN∗2 +λβN1 +Q2 (2)

dN2

dt
= +λγN∗2 (3)

with the initial condition that N1 = N∗2 = N2 = 0 at t = 0. It is easy to see that

N1(t) =
Q1

λβ

[
1− exp(−λβt)

]
(4)

describes the decay of the beta-active nuclei. Inserting the trial function

N∗2 (t) =C1 exp(−λβt)+C2 exp(−λγt)+C3

where Ci are constants into (2) gives then

N∗2 (t) =
(

Q1

λγ−λβ

− Q1 +Q2

λγ

)
e−λγt − Q1

λγ−λβ

e−λβt +
Q1 +Q2

λγ

(5)
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and finally the number of N2 nuclei can be found by direct integration of (3):

N2(t) = λγ

∫ t

0
N∗2 (t

′)dt ′

=

(
Q1

λγ−λβ

− Q1 +Q2

λγ

)(
1− e−λγt

)
(6)

− Q1

λγ−λβ

λγ

λβ

(
1− e−λβt

)
+(Q1 +Q2)t.

(b) To answer the question whether N∗2 (t) can decay with a a pure exp(−λβ−t) decay law, let’s
put the first term in (5) identically ≡ 0, i.e.,

λγQ1 = (λγ−λβ)(Q1 +Q2) (7)

which gives

N∗2 (t) =
Q1

λγ−λβ

(
1− e−λβt

)
. (8)

Although we got rid of the exponential containing λγ, it can be be argued that even this form
is not pure.

2. For some of the nuclei listed as ‘stable’ in the nuclide chart, the α-decay is energetically possible,
although a very rare process. An example of such a nuclide is 151

63 Eu, and the half-life for its α

decay to 147
61 Pm ground state has been measured recently (2013). In this experiment, a total of

37.6±7.5 events, each releasing an energy of 1.949 MeV, were observed with an efficiency of
99.98%, during a measurement time of 462.2 h. The sample was a Li6Eu(BO3)3 crystal (mass
6.16 g, of which 41.1% Eu), operated as a scintillation bolometer. Natural europium consists of
two isotopes, 151Eu (47.81%) and 153Eu (52.19%).

(a) Draw a level diagram illustrating the α decay of 151Eu to the states of 147Pm. Apply the
selection rules for angular momentum and parity to determine the possible final states.

(b) Estimate the α-particle energy Eα.

(c) Calculate the half-life of 151Eu, assuming that α-decay is the only decay mode.

(d) Estimate the half-life with the Universal Decay Law (UDL) presented on Thursday’s lecture
and compare with the result you got in (b).

Solutions:

(a) Check at www.nndc.bnl.gov and see what final states are energetically possible.

(b) Because the total decay energy is given as Qα = 1.949 MeV, the energy of the alpha particle
is 147/(151)Qα = 1897 keV.

(c) The number of observed events, Nobs must be corrected for the detector efficiency ε =
99.98% to get the number of decays

Ndecay = Nobs/ε = (37.6±7.5)/0.9998 = (37.6±7.5).

The only decay mode of 151Eu is the alpha decay to 147Pm, and

Ndecay = NEu(t0 +∆t)−NEu(t0) = NEu(t0)
[
1− e−∆t]

Assuming 147Pm to be produced in the experiment only from the alpha decay,
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Ad Zd Ac Zc Qc[MeV] A χ′ ρ′

147 61 4 2 1.949 3.894 172.45 57.11

(d) We need the values of parameters ρ′ and χ′ for the given decay. Because we are estimat-
ing the alpha decay, we use the parameters of the UDL determined for alpha-decay data
(parameter set I): a = 0.4065,b =−0.4311,c =−20.7889. According to the UDL,

log10 T1/2 = aχ
′+bρ

′+ c =

3. All known 38 isotopes of Promethium (Pm) are unstable and it could be present on the Earth
only as a temporal product created in U/Th fission, cosmogenic reactions induced by cosmic
rays, radioactive decay, and neutron capture on other nuclides. Predominantly it is created in
spontaneous fission (SF) of 238U, with yields of 1.88% (147Ba), 2.32% (147La) and 0.20% (147Ce),
via subsequent chain of radioactive decays 147Ba→147La→147Ce→147Pr→147Nd→147Pm (see
the figure overleaf).

(a) Show that the overall yield of 147Pm per SF of 238U, created in this way, is thus 4.4%,

(b) The 147Pm activity in U ore was found as (3±1)×10−4Bq per 1 g of U. Show that this
corresponds to (4.5±1.5)% yield per SF of 238U. The half-life of U is 4.468×109 years and
the the SF branching ratio is 5.4×10−5%.

(c) Taking into account the Uranium abundance of 2.7×10−4% in the Earth crust and the mass
of the crust 2.36×1022 kg, calculate the equilibrium mass of natural Pm produced in SF.

(d) Assuming an abundance of 1.8 ppm of Eu in the Earth’s crust, would it be possible to
estimate the equilibrium mass of Pm produced in the rare alpha decay in problem 2?
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Solutions

(a) As seen in the A = 147 β-decay chain, all the Ba, La, and Ce nuclei produced in the 238U
SF will eventually decay to 147Pm. Thus the overall yield is the sum (1.88+2.32+0.20)% =
4.4%.
A more detailed answer will contain a set of differential equations for all the members of
the decay chain from 238U to 147Pm:

dNU

dt
= −λU NU

dN1

dt
= + f1 fSFλU NU︸ ︷︷ ︸

=R1

−λ1N1⇒ N1 =
R1

λ1
(1− e−λ1t), A1(t) = λ1N1(t)

t�1/λ1−−−−→ R1

dN2

dt
= + f2 fSFλU NU︸ ︷︷ ︸

=R2

+λ1N1︸︷︷︸
≈R1

−λ2N2⇒ A2(t) = λ2N2(t)
t�1/λ2−−−−→ R1 +R2

dN3

dt
= + f3 fSFλU NU︸ ︷︷ ︸

=R3

+λ2N2−λ3N3⇒ A3(t) = λ3N3(t)
t�1/λ3−−−−→ R1 +R2 +R3︸ ︷︷ ︸

≡R

...
dNPm

dt
= +R−λPmNPm⇒ APm(t)

t�T1/2(
147Pm)

−−−−−−−−→ R

(b) The only decay modes of 238U are α-decay and spontaneous fission and thus λtot = λα+λSF
corresponds to the given half-life T1/2(U). From the branching ratio b(SF) = λSF/λtot we
get λ(SF) = ln(2)/T1/2(U)×b(SF) = 2.6546×10−24/s.
The production rate R of 147Pm via the spontaneous fission can thus be assumed constant,
implying

dN2

dt
= R−λ2N2(t), N2(t) =

R
λ2

(1− e−λ2t), A2(t) = λ2N2(t)
t�T1/2(Pm)
−−−−−−→ R

Thus the observed activity, (3±1)×10−4 Bq of 147Pm equals the production rate R via SF
(per 1 g of U). If we assume a 100% abundance for 238U and use the approximate atomic
mass of M238 = 238 g/mol, the SF activity in m = 1 g of U is λSF

m
M238

NA = 6.95×10−3/s.
The production rate for 147Pm is thus (3± 1)× 10−4/6.95× 10−3 = 0.0446. Taking into
account the uncertainty, the final result is (4.5±1.5)% per fission, as required!

(c) The definition of the activity by A(t) = λN(t) allows us to determine the amount of 147Pm.
The shown half-life T1/2 = 2.6234 y corresponds to λ = ln(2)/T1/2 = 8.372×10−9/s.
From (a) and (b) we know the production rate R of 147Pm per 1 g of U. The total production
rate in the Earth’s crust is then 2.7× 10−6× 2.36× 1022× 103× 3× 10−4/s = 1.911×
1016atoms/s.
This corresponds to the equilibrium mass of 147Pm,
meq(Pm) = 147×1.911×1016/(λ(147Pm)NA) = 554 g (±180 g). This estimate is based on
the measured activity concentration (3±1) Bq/g. If we used the percentage 4.4% of SF, the
value 547 g would result.

(d) The production rate from the rare alpha decay is Rα = λαN(151Eu). In equilibrium, this
equals the activity of 147Pm.
The amount Eu in the Earth’s crust is 1.88×10−6× 2.36× 1022 kg = 4.4368×1016 kg of
which 47.81 at.-% is 151Eu. The amount of Pm is then 2.6234/4.66e18 x 4.4368e16 kg x
0.4781= 11.9 g
The total mass of 147Pm in the Earth’s crust (adding the main source from uranium-238 SF)
is then about 560 g.
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4. (Krane, Problem 12-11) The intensity of a source of thermal neutrons is to be measured by
counting the induced radioactivity in a thin foil of indium metal exposed to the neutrons. The
1,0-µm thick foil has an area of 3,0 × 3,0 mm2. The activation of 115In to 116In (T1/2 = 54 min)
takes place with a cross-section of 160 b for thermal neutrons. After the foil is irradiated for 1,00
min, the counting cannot be started for 30 min. The efficiency of the detection system is only
2,4×10−4 and in a 1 hour counting time 4,85×104 counts are accumulated.

(a) What is the flux of thermal neutrons on the foil (in units of neutrons/s per m2)?

(b) Can you explain the 30 min “cooling time”, perhaps after consulting Appendix C of Krane?

Solutions

(a) The production rate Y of 116In in the neutron capture can be calculated from

Y = NtσΦ (9)

where Nt = η(m/M)NA is the number of target atoms/cm2, (η = 0.9571 is the abundance,
m = ρd is the areal density [g/cm2], ρ the density and d the target thickness, and M is the
atomic mass); σ is the neutron capture cross-section [1 barn = 10−24 cm2]; and Φ is the
neutron flux on the target [n/s].
Let’s describe the number of In-116m nuclei during the different times N∞ ≡ Y/λ:

N(t) =
{

N∞(1− e−λt), 0≤ t < t1 t1 = 1 min
N∞(1− e−λt1)e−λt t > t1

(10)

The measurement starts at t = t2 = 31 min and lasts for ∆t = 60 min. The number of decayed
nuclei during the measurement time is

∆N = N(t2)−N(t2 +∆t) = N∞

=4.60×10−3︷ ︸︸ ︷
(1− e−λt1)[e−λt2− e−λ(t2+∆t)]

= Nobs./ε = 4.85×104/(2.4×10−4) = 2.021×108.

Thus N∞ = 4.392× 1010 and Y = 9.396× 106 yielding Φ = 1.60× 1010 n/s on the target
area of 9 mm2 and 1.78×1016 neutrons/s per m2

(b) Indium has two isotopes 113In and 115In with atomic abundances of 4.29% and 95.71%.
The lighter isotope has a neutron-capture cross-section of 12 b and the half-life of 114In that
may have been produced is 71.9 s. During the 30 min cooling time, the activity of 114In has
decreased by a factor of 3.3×107. In addition to the 54-min isomeric state of 116In that is
used for the measurement, the 14.1-s ground state can be produced in the neutron capture,
but its activity decreases by a factor of 3.4×1038 in 30 min.
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Figure 1: For Problem (3)
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