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Interlude on nuclear lifetimes

I Mean lifetime (or level width)
↔ Transition probability

I Excitation energy Eex and
lifetime τ are the most
important parameters of
nuclear levels

I Energies ↔ Hamiltonian of the
system

I Lifetimes ↔ dynamics

I Experimental lifetimes provide
stringent tests of nuclear
models.

I Direct methods → τ

I Indirect methods → Γ

I Consider one powerful direct
method in more detail



Nuclear lifetimes from Doppler methods
The basic non-relativistic formula for the observed energy of the γ ray:

Eγ (θ(t),v(t)) = E 0
γ

(
1 +

v(t)

c
cosθ(t)

)
, (1)

where E 0
γ is the energy of the γ ray in the coordinate system of the

nucleus (v = 0) and θ(t) is the angle between the direction of
observation and the momentum vector of the recoil nucleus.
The Doppler effect can be seen in the observed energy of a gamma ray in
several ways: 1) broadening of the peak, 2) shifting of peaks, and 3)
both.

I The initial recoil velocity v(t = 0) of a nuclear reaction
product—the nucleus of which level lifetimes are studied—is
determined by the bombarding energy and the reaction Q value,

I Nuclei that recoil freely into vacuum from an infinitely thin target
(no slowing down), v(t) = v(0) and all observed γ rays show the full
Doppler shift, if the decay is fast enough:

I The excited levels decay at the rate ∝e−t/τ , depending on the
lifetime of the level.



There are two varieties of the Doppler method:

1. In the recoil-distance method (RDM), the recoils are stopped in a
movable “plunger” (piston). The γ rays observed after stopping
show no doppler effect.
Measuring the intensity ratio Istop/Iflight, the mean lifetime of the
nuclear level can be determined, if the recoil velocity and the recoil
distance are known.

2. In the Doppler-shift-attenuation method (DSA), the excited nuclei
produced in the reaction are recoiling in a suitable slowing-down
material (usually solid), and the velocity of a γ emitting nucleus
diminishes continuously.
The energy of the observed γ ray can thus vary from E 0

γ to the full
Doppler shift, depending on the mean lifetime, τ, the stopping
power of the target material, S(v(t)), and the initial recoil velocity.
Provided that the stopping power and the slowing-down process
known accurately enough, the lifetime can thus be determined:



Doppler-broadened line shapes
The figures show how the shape of an
observed gamma-ray line is affected by the
1) Level lifetime, 2) stopping power, and 3)
recoil given by the projectile.



Introduction

The nucleus as a many-body system from a number of viewpoints:

I Collective motion of nucleons → collective models to describe
smooth systematic variation, like binding energy (LDM, RLD,
vibration/rotation, deformation)

I Single-Particle motion → Fermi-gas model (the other extreme),
nuclear shell model

I Single particle in a mean field, L−S coupling, shell structure

I Mean-field potentials: harmonic oscillator (spherical/cartesian),
Woods-Saxon, etc. for a single nucleon

I Deformed single-particle potential → Nilsson model

I Many-particle shell model, pairing correlations

I Predicted quantities: total binding energies, level energies, transition
rates, compared with experiments
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Liquid drop model

Historically the first model to describe nuclear properties, based on
observation that nuclear forces exhibit saturation properties:

I The binding energy per nucleon BE(A,Z )/A
relatively constant,

I instead of the form A(A−1)/2 predicted by a
non-saturated 2-body nucleon-nucleon interaction

I Also, the nucleus presents a low compressibility,

I and a well defined nuclear surface.

I liquid drop model taken as a fully classical model,
cannot be extrapolated too far in the atomic
nucleus:

I spikes on BE(A,Z )/A appear at A = 4n,
presenting a favoured α-particle like structure



I average distance of nucleons much larger than in a classical fluid
(2-body potential min. at 0.7 fm) because they are fermions →
Fermi liquid. Collisions very rare. Resulting system is a weakly
interacting Fermi gas. No allowed levels to scatter to (Pauli
exclusion). Mean free path of the order of nuclear diameter.

I Saturation in binding results is almost constant
BE(A,Z )/A≈ 8 MeV independent of A, Z .



Volume, surface and Coulomb contributions

1. The volume term expresses the
fact that nuclear force is
saturated with the main
contribution as

BE (A,Z )V = aVA. (2)

2. The surface effect: nucleons
close to surface feel less
binding, the correction being
∝ 4πR2,

BE (A,Z )S =−aSA
2/3. (3)

3. Coulomb effect, a charge of Ze present within nuclear volume. For a
homogeneously charged liquid drop with sharp radius R and density

ρc =
Ze

4
3 πR3

(4)



Use a classical argument:
The Coulomb energy needed to add a spherical shell, to the outside of
the sphere with radius r , to give an increment dr becomes

U ′c =
1

4πε0

∫ R

0

4
3 πr3ρc4πr2ρc

r
dr (5)

Using the above charge density, the integral becomes

U ′c =
3

5

Z 2e2

R

1

4πε0
(6)



But wait, the protons’ spurious self-energy must be subtracted:

Using the proton smeared charge
density

ρp =
e

4
3 πR3

(7)

and a self-Coulomb energy, for the
Z protons, as

U ′′c =
3

5

Ze2

R

1

4πε0
(8)

the total Coulomb energy correction becomes

Uc = U ′c −U ′′c =
3

5

Z (Z −1)e2

R

1

4πε0
= acZ (Z −1)A−1/3 (9)

The three contributions together then give

BE (A,Z ) = aVA−aSA
2/3−acZ (Z −1)A−1/3, (10)

or, per nucleon,

BE (A,Z )/A = aV −aSA
−1/3−acZ (Z −1)A−4/3. (11)



Left panel: Squares show experimental BE/A, curve the contribution of
volume, surface and Coulomb terms.

Right panel: Contribution of separate terms, surface term largest at small
A, Coulomb correction (estimated by Z = A/2) largest for heavy nuclei
(many protons, A2/3 effect).



Non-spherical shape

I Surface and Coulomb energy corrections will change.

I Lowest deformation multipoles via the (θ ,ϕ) expansion

R = R0 [1 + α2P2(cosθ) + α4P4(cosθ)]⇒ (12)

I Correction functions for surface energy g(α2,α4) and for Coulomb
energy f (α2,α4) appear in the expression for

BE (A,Z )/A = aV −aSg(α2,α4)A−1/3−ac f (α2,α4)Z (Z −1)A−4/3.
(13)

I Example: ellipsoidal deformation with major axis

a = R(1 + ε),
(

ε =
√

1−b2/a2
)
, (14)

and the minor axis
b = R(1 + ε)−1/2, (15)

with volume V = 4
3 πab2 ' 4

3 πR3.



I In terms of parameter of deformation ε,

I surface and Coulomb energy terms become

ES = aSA
2/3

(
1 +

2

5
ε

2

)
EC = acZ (Z −1)A−1/3

(
1− 1

5
ε

2

)
. (16)

I The total energy change, due to deformation

∆E = ∆ES + ∆EC = ε
2

[
2

5
A2/3aS −

1

5
aCZ (Z −1)A−1/3

]
. (17)

I If ∆E > 0, the spherical shape is stable if Z 2/A< 49, as can be
“proved” by simplifying Z (Z −1)≈ Z 2 and using the best-fit values
(Wapstra 1971), aS=17.2 MeV and aC=0.70 MeV.



Deformation, a doorway to fission?

Dashed line: potential energy versus
nuclear distance between two nuclei.
The point at ε = 0 corresponds to
the spherical nucleus. For large
separation, calling r = R1 +R2 (with
R1 and R2 the radii of both
fragments), the energy varies
according to the Coulomb energy

UC =
Z1Z2e

2

4πε0r
(18)

Deformation complicates the precise
evaluation of the full total potential
energy and requires complicated
fission calculations.



Symmetry energy, pairing and shell corrections

The specific nucleon (Dirac-Fermi statistics) properties of the nuclear
interior modify a number of results. Manifestations of the Pauli principle
governing the occupation of the single-particle orbitals in the nuclear,
average field and the nucleonic residual interactions that try to pair-off
identical nucleons to 0+ coupled pairs.

I Symmetry energy :
Binding energy largest when Z = N = A/2, and any repartition
N = (A/2) + ν ,Z = (A/2)−ν involves lifting nucleons from
occupied to empty orbitals.

I Energy loss due to repartition (∆ is the inter-orbital energy
difference):

∆Ebinding = ν

(
∆× ν

2

)
=

1

8
(N−Z )2∆

with ν = (N−Z )/2.

I The energy spacing between single-particle states scales as A−1



I The final result, expressing the loss of symmetry energy due to the
Pauli effect which blocks the occupation of those levels that already
contain two identical nucleons, becomes

BE (A,Z ) = aVA−aSA
2/3−aCZ (Z −1)A−1/3−aA(A−2Z )A−1.

(19)

I Better understanding from Fermi-gas model (later derivation of the
coefficient aA)

I Pairing energy contribution:
Nucleons preferentially form pairs coupled to J = 0, resulting in a
pairing energy correction δ = aPA

1/2:

∆Epair =

 +δ (even-even)
0 (odd-even)
−δ (odd-odd)

(20)



After all pieces are put together, we have finally: semi-empirical mass
equation (Bethe-Weizsäcker formula)

BE(A,Z) = aVA−aSA
2/3−aCZ(Z−1)A−1/3−aA(A−2Z)2A−1


+δ

0
−δ

(21)

The parameters fitted to experimental values by Wapstra (1971) and
more recently by Bertsh et al :

Param. Values from fit by
[MeV] Wapstra Bertsh et al
aV 15.85 15.74063
aS 18.34 17.61628
ac 0.71 0.71544
aA 23.21 23.42742
ap 12 12.59898

I but you can make your own parameter fit to the most recent atomic
masses [G. Audi et al, Chinese Physics 36, 1603, 2012]!

I The smooth cross behaviour is reproduced nicely, but large
deviations occur near closed shells:



Figure : Nuclear (liquid drop) masses and the deviations with respect to the
nuclear data and this, as a function of proton and neutron number. The shell
closure effects are shown most dramatically (Myers 1966).

The relation between the nuclear binding energy and nuclear mass is

BE (A,Z )/c2 = MN(A,Z )−ZMp− (A−Z )Mn (22)



In case the difference between atomic and nuclear mass is important, use
the relation

MNucl.(A,Z ) = MAtom(A,Z )−Z ×mel. +Bel(Z )/c2, (23)

where the total binding energy of the atomic electrons can be
approximated by

Bel(Z ) = 14.4381Z 2.39 + 1.55468×10−6Z 5.35[eV]1. (24)

The most precisely known masses (2012) are listed in the table next page
for reference. Who knows, when you need them!

1For high-accuracy work, it’s important to specify what definition of the unit volt,
V, is used when converting mass units [u] to energy units [eV]. The latest Atomic
Mass Evaluation (2012), recommends the maintained volt V90, that is traceable to
primary standards.





Nuclear stability: the mass surface and line of stability

Nuclear mass equation from the Bethe-Weizsäcker formula:

Mnucl.(
A
ZXN)c2 =ZMpc

2 + (A−Z )Mnc
2

−aVA+aSA
2/3+aCZ (Z −1)A−1/3 +aA(A−2Z )2A−1

−δ

+0
+δ

(25)

representing a quadratic equation in the proton number Z , i.e.,

Mnucl.(
A
ZXN)c2 = xA+ yZ + zZ 2

+δ

+0
−δ .

(26)

The most stable nucleus for each Z is then approximately (show!)

Zmin(A) =
A/2

1 + 1
4aC/aAA

2/3
=

A/2

1 + 0.0077A2/3
. (27)



Several interesting results can be derived
I Parabolic behaviour of nuclear masses for a given A: (i) Members of

an odd-A chain can decay—towards a single stable nucleus—either
by β− or β +/EC, but not both. (ii) For even-A nuclei, both
even-even and odd-odd nuclei can occur and (because of the δ

value) two parabolae are implied by the mass equation. In many
cases, more than one stable element results (double-beta decay!)
There are even cases with three ‘stable’ elements which depend on
the specific curvature of the parabola and the precise location of the
integer Z values:



I Constraints on the range of possible A,Z values and stability against
radioactive decay processes can be determined. Spontaneous
α-decay (Sα = 0) follows from the equation

BE (AZXN)−
[
BE (A−4

Z−2YN−2) +BE (4
2He2)

]
= 0. (28)

I The condition Sn = 0 (Sp = 0), indicates the borderline where a
neutron (proton) is no longer bound in the nucleus. It’s called the
neutron (proton) drip line.

I The energy released in nuclear fission, in the simple case of
symmetric fission of the element (A,Z ) into two nuclei (A/2,Z/2) is

Efission = Mnucl.(
A
ZXN)c2−2Mnucl.(

A/2

Z/2
YN/2)c2, (29)

positive near A' 90 and reaches a value of about 185 MeV for
236U.2

2For these fission products, neutron-rich nuclei are obtained which will decay by
the emission of n→ p+e−+ ν̄e . So, a fission process is a good generator of ν̄e ,
antineutrinos of the electron type; the fusion process on the other hand will mainly
give rise to νe electron neutrino beta-decay transitions.



Two-neutron separation energies
I Nuclear masses and a derived quantity, S2n, may reveal the presence

of extra correlations on top of a smooth liquid-drop behaviour:

S2n(A,Z ) = BE (A,Z )−BE (A−2,Z ) (30)

I Can be written as

S2n ≈ 2(aV −aA)− 4

3
aSA

−1/3 +
2

3
aCZ (Z −1)A−4/3 + 8aA

Z 2

A(A−2)

where the surface and Coulomb terms are only approximated
expressions.

I Insert Z0, that maximizes the binding energy for each given A (this
is the definition for the valley of stability),

Z0 =
A/2

1 + 0.0077A2/3
, (31)

to obtain, for large values of A,

S2n = 2(aV −aA)− 4

3
aSA

−1/3 +

(
8aA +

2

3
aCA

2/3

)
1

4 + 0.06A2/3





I Behaviour of S2n along the valley of stability for even-even nuclei,
together with the experimental data.

I The experimental data correspond to a range of Z between Z −1
and Z −2.

I Overall decrease and the specific mass dependence are well
contained within the LDM.

I How well the experimental two-neutron separation energy, through a
chain of isotopes, is reproduced in LDM.

I Besides the sudden variations near mass number A = 90 (presence of
shell closure at N = 50) and near mass number A = 140 (presence of
the shell closure at N = 82), the specific mass dependence for a
series of isotopes comes closer to specific sets of straight lines.

I LDM is able to describe the almost linear behaviour of S2n for series
of isotopes; expand the various terms (volume, surface, etc.) in
terms of X = A−A0 and ε = X/A0 near a fixed A to see their
separate contributions. It turns out that the slope is determined
mainly by the asymmetry term.



Fermi gas model

I Approximate distribution for kinetic energy of nucleons confined to
the nuclear volume V (= 4

3 πR3) with density ρ = A/V .

I Strong spatial confinement results in widely spaced energy levels
with only the lowest being occupied, except for very high energies.

I Appropriate model, degenerate Fermi gas, up to excitation of ∼10
MeV

I Under conditions present in nuclear matter but approximates also
heavy nuclei

I Assume lowest energy state allowed by Pauli exclusion principle.

I Start with symmetric nuclear matter, Z = N

I At low excitation energy (temperature T = 0 limit), levels pairwise
filled up to Fermi level, beyond that levels fully unoccupied:
degenerate Fermi gas.

I At high temperature, occupancy partially redistributed,

I At very high temperature, all levels partially filled.



Neutrons (left) and protons (right) in
nuclear square well. Degenerate T = 0
Fermi gas.

Level occupancy at T = 0
(shaded), higher T > 0 and
very high T � 0
temperatures.

Density of states for free Fermi gas confined to volume V : 3

n =
2V

(2π h̄)3

∫ pF

0
d3p =

V p3
F

3π2h̄3 , (32)

3See BAB for an alternative derivation with a cube of side L.



I resulting in the Fermi momentum

pF = h̄
(

3π
2 n

V

)1/3
= h

(
3

8π

n

V

)1/3

, (33)

where n/V is the density contributing to a quantum mechanical
pressure.

I Apply to atomic nucleus to estimate the depth of the potential well,
U0:

pF,n =
h̄

r0

(
9πN

4A

)1/3

, pF,p =
h̄

r0

(
9πZ

4A

)1/3

, (34)

and for self-conjugate nuclei, N = Z = A/2:

pF,n = pF,p =
h̄

r0

(
9π

8

)1/3

≈ 300

r0
MeV/c . (35)

I The corresponding Fermi (kinetic) energy with r0 = 1.2 fm becomes

EF =
p2

F,n

2m
=

p2
F,n

2m
' 33MeV. (36)



I This energy corresponds to the kinetic energy of the highest
occupied orbit (smallest binding energy).

I Given the average binding energy B = 8 MeV, we can make a good
estimate of the nuclear well depth of U0 ' 41 MeV.

I In more realistic calculations, values of this order are obtained.

I The average kinetic energy per nucleon (for non-relativistic motion)
is

〈E 〉=

∫ pF
0 Ekind3p∫ pF

0 d3p
=

3

5

p2
F

2m
=

3

5
EF ' 20 MeV (37)

I In the degenerate Fermi-gas model, even at zero excitation energy, a
large amount of ‘zero-point’ energy is present and, owing to the
Pauli principle, a quantum-mechanical ‘pressure’ results.

I Given a nucleus with Z protons and N neutrons, the total, average
kinetic energy becomes

〈E (A,Z )〉 = Z 〈E 〉p +N 〈E 〉n =
3

10m

(
Zp2

F,p +Np2
F,n

)
=

3

10m

h̄2

r2
0

(
9π

4

)2/3
(
N5/3 +Z 5/3

)
A2/3



Fermi gas: Nuclear symmetry potential
Expand the formula of the average energy at N = Z = A/2 to derive an
expression of the symmetry energy and a value for the constant aA:

I Set Z −N = ε to have Z = A/2(1 + ε/A); N = A/2(1− ε/A) and
with ε/A� 1 obtain (using binomial expansion):

〈E (A,Z )〉 =
3

10m

h̄2

r2
0

(
9π

4

)2/3

A

(
1

2

)5/3
(
(1− ε/A)5/3 + (1 + ε/A)5/3

)
A2/3

=
3

10m

h̄2

r2
0

(
9π

8

)2/3(
A+

5

9

(N−Z )2

A
+ . . .

)
I The first term is proportional to A ↔ volume energy.

I The next term has exactly the form of the symmetry energy A,Z
-dependent term in the Bethe-Weizsäcker mass equation.

I Inserting the values of the various constants m, h̄, r0,π, we obtain
the result

〈E (A,Z )〉 = 〈E (A,Z = A/2)〉+ ∆Esymm

∆Esymm ' 11 MeV(N−Z )2A−1. (38)



The numerical result is about one-half the value obtained earlier (or
fitted). The difference arises from the fact that the well depth U0 also
depends on the neutron excess N−Z .
Higher-order terms with a dependence (N−Z )4/A3, . . . naturally derive
from the more general 〈E (A,Z )〉 value.

I The Fermi-gas model can be applied successfully to various different
problems:

I Stability of degenerate electron gas: white dwarfs stars

I Stability of degenerate neutron gas: description of neutron stars

I Balancing the gravitational energy with the quantum-mechanical
Fermi-gas energy to obtain equation of state for the neutron star.
(Bertulani 12.11, Heyde 8.3)



The Nuclear Shell Model

Single-particle motion cannot be completely replaced by a collective
approach where the dynamics is contained in collective, small amplitude
vibrations and/or rotations of the nucleus as a whole.
A simple independent-particle approach required by the Fermi-gas model
does not contain enough detailed features of the nucleon-nucleon forces,
active in the nucleus.
Experimental evidence for nuclear shell structure is seen as deviations
from otherwise rather smooth behaviour of various quantities as a
function of N and Z :

I Neutron and proton separation energies Sn and Sp and two-neutron
separation energies S2n (you can make your own plots!),

I Extra stability at neutron number 8, 20, 28, 50, 82, and 126, or at
proton number 8, 20, 28, 50, and 82. (no Z = 126 element known!)

I Excitation energy of the first 2+ state in even-even nuclei,

I Reduced transition probabilities of electric quadrupole transitions,
B(E2;0+→ 2+)↑, in even-even nuclei.



The left panel shows the excitation energies of the first 2+ states in
even-even nuclei, the right panel the reduced transition probabilities
B(E2;0+→ 2+).4

4The vertical lines show the location of magic proton numbers at Z = 8, 20, 28,
50, and 82.



As a function of neutron number: (a) Eex(2+),
(b) B(E2;0+→ 2+)

(c) Deformation parameter β/βsp (d) EWSR(II)
= Energy Weighted Sum rule



As a function of proton number: (a) Eex(2+), (b)
B(E2;0+→ 2+)

(c) Deformation parameter β/βsp (d) EWSR(II)
= Energy Weighted Sum rule



Nuclear Collective Motion

Before jumping into the details of the nuclear shell model, a few words on
collective motion of nucleons and on the criteria to collectivity.
Nuclear collective motion is fairly distinctive in physics. There is some
similarity with the phenomena of oscillations of a classical liquid drop and
with electron gas oscillations, but there are also essential differences.
Unlike the liquid drop, the nucleus is a quantum system, and its collective
parameters differ considerably from hydrodynamic values. The most
obvious difference with the plasma is that the nucleus is a relatively small
system, so that its collective modes are characterized by angular rather
than linear momenta, and also by parity. A further difference arises from
the existence of two types of nuclear particle. These may oscillate in
phase or out of phase. In the language of isospin, we say that the two
types of oscillation are isoscalar (T = 0) and isovector (T = 1).



Nuclear collective modes are thus classified by L = (T ,L,π) (isospin,
angular momentum, parity). We refer to L as the multipole order.
Experimentally the only well-established modes are those with parity
π = (−1)L, i.e., in electromagnetic terminology, “electric multipoles”
such as E3 signifying L = 3, π =−. For such modes it is convenient to
define “multipole operators”:

QTLM =

{
∑i r

L
i YLM(Ωi ) forT = 0

∑i τ3i r
L
i YLM(Ωi ) forT = 1

(39)

Note that Q0LM is the “mass multipole operator” and the “charge
multipole operator” (which refers to protons only) is

QELM =
1

2
(Q0LM −Q1LM)



Criteria for Collective Motion
In surveying the data on nuclei in a given mass region, there are two
basic criteria used for deciding whether collective phenomena occur:

1. Regularities in spectra characteristic of collective modes. The
simplest are the uniform spacing of the vibrator and the
J(J + 1)-type spectrum of the rotator. A less decisive criterion is the
systematic occurrence of a given type of level in different nuclei.

2. Strong electromagnetic matrix elements, either diagonal (e.g., E2
moments) or non-diagonal (e.g., EL transitions). By “strong” here,
we mean at least several times larger than a typical value for a single
proton. The matrix element for a proton transition between a
particle state of orbital angular momentum L and one of L = 0 is:

〈LM|Q0LM |00〉=
1√
4π

∫
∞

0

[
uL(r)rLu0(r)

]
r2dr

where the u’s are radial wavefunctions. For a rough estimate, we
may replace the integral by the Lth moment of the density
distribution ρ(r) of the nucleus concerned:〈

rL
〉

=
∫

rLρ(r)dr/
∫

ρ(r)dr .



Sum Rules
An alternative version of criterion (2) is that the transition exhausts at
least a fair fraction (say & 5 per cent) of a sum rule. There are two sum
rules that are relevant; in obvious notations, these are

∑
n

| 〈n|QTL0|0〉 |2 =
〈
0|(QTL0)2|0

〉
≡ STL

NEW

∑
n

(En−E0)| 〈n|QTL0|0〉 |2 =
1

2
〈0| [QTL0, [H,QTL0]] |0〉 ≡ STL

EW

We call these the non-energy-weighted (NEW) and energy-weighted
(EW) sum rules. The only sum that can be evaluated exactly (i.e.,
without reference to a model) is the EWS for T = 0:

S0L
EW =

h̄2A

8πM
L(2L+ 1)

〈
r2L−2

〉
The only assumption is that H contains no explicitly velocity-dependent
forces (exchange forces are permitted). Strictly, this value is obtained
when the ground state has spin 0, but any correction for non-zero spin is
small. It is fortunate that most observed modes appear to be (or are
assumed to be) T = 0.



I Assuming a uniformly charged spherical nucleus with a sharp radius
R0 = r0A

1/3, the energy-weighted sum for the E2 multipole

SI ≡ S02
EW = ∑

n

(En−E0)B(E2)↑= 30e2 h̄2

8πm
AR2

0 (40)

where m is the nucleon mass.

I The isoscalar part of the full sum is given by

SII ≡ S(I)(
Z

A
)2. (41)

I The percentage fraction of E ×B(E2;0+→ 2+)↑ of SII, for only the
first 2+ state only in even-even nuclei is shown in the above figures.

I The deformation parameter (there are several definitions in the
literature!) shown in the figures is related to the B(E2)↑ by

β =
4π

3
ZR2

0

[
B(E2)↑ /e2

]1/2
, (42)

with the corresponding single-particle (Weisskopf) estimate
βsp = 1.59/Z .
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