
GENERAL RELATIVITY Homework 3 Spring 2017

Due on Monday February 6 by 14.15.

1. Null and timelike vectors.

(a) Show that the sum of two future-pointing null vectors is a future-pointing timelike vector (except
when the two null vectors have the same direction).

(b) Show that any timelike vector can be expressed as a sum of two null vectors. For a given timelike
vector, the null vectors are not uniquely determined; what is the freedom of their choice?

2. Electromagnetic invariants.

(a) For electric and magnetic fields, show that |E|2 − |B|2 and E · B are invariant under Lorentz
transformations. Are there any invariants that are not merely algebraic combinations of these
two? If so, what are they?

(b) A particular electromagnetic field has its E field at angle θ0 relative to its B field, and θ0 is
absolute (i.e. the same for all observers). What is the value of θ0?

3. Commutator of vector fields. We can define the composition of two vector fields u ◦ v and their
commutator [u,v] by their action on an arbitrary function f on the manifold:

(u ◦ v)(f) ≡ u(v(f))

and
[u,v](f) ≡ u(v(f))− v(u(f)) .

Show that the commutator is a linear operator, obeys the Leibnitz rule,

[u,v](fg) = f [u,v](g) + g[u,v](f) ,

and has the components
[u,v]µ = uνvµ,ν − vνuµ,ν .

Show that the components [u,v]µ transform like the components of a vector field under coordinate
transformation, but the components of u ◦ v do not.

4. Transforming basis dual vectors. The transformation rule for coordinate basis dual vectors

dxµ =
∂xµ

∂x′ν
dx′ν

means that you can obtain the transformation treating the dual vectors just as if they were ordinary
differentials of coordinates. It also shows how to transform higher order tensors. Consider the (0, 2)
tensor (in 2 dimensions)

S = dx⊗ dx+ xdy ⊗ dy .

It has the components

Sµν =

(
1 0
0 x

)
.

Find the components of S in the new coordinates

x′ = xy , y′ = ln y , (x, y > 0)

by inverting this coordinate transformation and writing dx and dy in the new coordinates.


