
GENERAL RELATIVITY Homework 6 Spring 2017

Due on Monday February 27 by 14.15.

1. Curvature of the FLRW universe. Consider the metric of the spatially flat FLRW universe,

ds2 = −dt2 + a(t)2
(
dx2 + dy2 + dz2

)
.

The connection coefficients, as calculated in the lectures, are

Γijk = Γi00 = Γ0
0β = 0 , Γ0

ij = aȧδij , Γi0j =
ȧ

a
δij ,

where ȧ ≡ da/dt.

a) Calculate the components R0
i0j and Rijkl of the Riemann tensor.

b) Calculate the Ricci tensor, the Einstein tensor and the Ricci scalar.

c) Suppose that a(t) = (t/t0)q, where q = const., 0 ≤ q ≤ 1 and t0 is a constant (usually taken to be
the age of the universe today). For what values of q is the spacetime flat? (You need to consider only
the listed curvature tensor components.)

2. Parallel transport in the FLRW universe. Let’s stay in the FLRW universe of the previous
problem. Consider a galaxy that we see today, at time t0, on the sky. The light left the galaxy at
time t, when the galaxy was at coordinate distance x from us. (Note that x and t are not unrelated!)
Assume that both the galaxy and we are at rest with respect to the frame of statistical homogeneity
and isotropy, i.e. uαg = δα0, where g refers to the galaxy, in the tangent space at the galaxy’s location.
Likewise, uαo = δα0, where o refers to the observer (that’s us), in the tangent space at our location.

a) Parallel transport the galaxy four-velocity to our location via a curve composed of two parts: A)
a straight path on the hypersurface of constant time coordinate t to the same spatial coordinate and
B) the line of constant spatial coordinates to the same time coordinate t.

b) What is the (parallel transported) galaxy three-velocity measured by us?

c) If you were to do the parallel transport in the reverse order (first along B and then along A), would
the result be the same or different? Why?

3. Free fall in the FLRW universe. Consider freely falling (i.e. geodesic) motion of a massive body
in the spatially flat FLRW universe. Suppose the three-velocity (as measured by a comoving observer)
of the body is v0 at a time when the scale factor has the value a(t0) ≡ a0. What is the three-velocity
later (as observed by another comoving observer, at the spaceship’s later location), as a function of
the scale factor a? How does the result simplify in the limit v0 � 1?

4. Free fall of dust observers. Consider an ideal fluid, with Tαβ = (ρ+ p)uαuβ + pgαβ .

a) Show that observers comoving with the fluid (i.e. with four-velocity uα) follow geodesics if the
matter is dust (p = 0). (Hint: start from the covariant conservation law.)

b) Are there any cases with non-zero pressure where they follow geodesics?


