
GENERAL RELATIVITY Homework 8 Spring 2017

Due on Monday March 20 by 14.15.

1. Spherically symmetric spacetime. With a suitable choice of coordinates, the line element of a
spherically symmetric spacetime can be written as

ds2 = −e2α(t,r)dt2 + e2β(t,r)dr2 + r2dθ2 + r2 sin2 θdφ2 ,

where α(t, r) and β(t, r) are some functions. Calculate the connection coefficients.

2. Shape of the Schwarzschild equatorial plane. Show that the equatorial plane (t = const., θ =
π/2) of the Schwarzschild metric has the geometry of a two-dimensional surface in three-dimensional
Euclidean space that you get by starting with a parabola “lying sideways” off the z-axis and rotating
it around the z-axis. Find the equation for this surface (in terms of the Schwarzschild radius rS) in
e.g. cylindrical coordinates r, z, φ.

3. Unimodular gravity. Let us postulate that instead of the Einstein equation, the relation between
geometry and matter is given by the trace-free equation
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where κ is a constant. Show that this equation is equivalent to the Einstein equation with one addition
(what is it)? (Hint: covariant conservation law.)

4. Palatini action. (This problem is worth double the normal points.) The Palatini action is

SP =

∫
d4x
√
−ggµνRµν(Γ, ∂Γ) ,

where the metric gµν and the connection Γλµν are independent variables, i.e. we do not assume the Levi-
Civita connection to begin with, but instead allow the variation principle to determine the connection.
We, however, assume that the connection is torsion-free, i.e., Γλµν = Γλνµ. We thus have 10 + 40 = 50
degrees of freedom. The Ricci tensor above is constructed from the connection, not the metric. Show
that the requirement that δSP = 0 leads to both the Einstein equation and the condition that Γλµν is
the Levi-Civita connection. Remember that Stokes’ theorem (or metric compatibility) does not work
for the general covariant derivative, only for the Levi-Civita one.

One strategy is to write the connection as a sum of the Levi-Civita connection Γ̃λµν and a tensor Cλµν ,

Γλµν = Γ̃λµν + Cλµν ,

and show that Cλµν is zero. Further hints: note that δΓλλσ = δµλδΓ
λ
µσ. You should obtain a condition

along the lines of
Pµνλ ≡ g

µνCσσλ + Cνσσδ
µ
λ − 2Cνµλ

symmetric in µν vanishes. To proceed towards individual components Cλµν vanishing, you might first

want to implement this condition on the contraction Pµλλ and use the obtained result to simplify
the expression of Pµνλ. For the final step you may get an idea from our original proof that the
metric-compatible torsion-free connection is unique.


