
GENERAL RELATIVITY Homework 10 Spring 2017

Due on Monday April 3 by 14.15.

1. Acceleration of a hovering observer. Consider the same observer as in problem 9.4, sitting outside
the black hole at constant spatial position in the Schwarzschild coordinates.

a) What is her acceleration four-vector aα ≡ uβ∇βuα? What is the three-acceleration she measures?
(Use the connection coefficients calculated in problem 8.1; they are also given in the help sheet, for
the static case relevant here.)

b) Assume that the observer is in a rocket that generates the force by producing perfectly collimated
downward moving photons. How does the rocket’s total energy depend on proper time?

2. Hawking radiation. According to quantum field theory in curved spacetime, a Schwarzschild black
hole radiates (as observed by a distant observer) like a black body with area 4πr2S and temperature
T = ~/(kB4πrS), where kB is the Boltzmann constant and rs = 2GNM is Schwarzschild radius. Total
energy is conserved in this process, so the mass of the hole decreases (and the temperature rises) at
the rate the energy is radiated away.

a) Find the lifetime for a black hole with initial mass M . What is the temperature and lifetime for
a typical stellar size (M = 10M�) black hole? What is the mass and lifetime of a room temperature
(T = 295 K) black hole?

b) If primordial black holes with different sizes were produced in the very early universe (14 × 109

years ago), what is the minimum (initial) size that would have survived to the present?

3. Time travel. In the game Quantum Break, you may come across the following metric that describes
a general stationary, axisymmetric spacetime with rotation, in cylindrical coordinates (ϕ has a period
of 2π as usual):

ds2 = −A(r, z)dt2 +B(r, z)dr2 + C(r, z)dϕ2 + 2D(r, z)dϕdt+B(r, z)dz2 .

a) Show that an observer moving on a circular curve (with constant r and z) can go backward in time,
if certain conditions on the metric functions A,C and D are satisfied. (Assume that B and E are
positive.) What are those conditions?

b) Show that the maximum amount of time that an observer can travel into the past when going

around one full circle is ∆t = 2π|C|
−D+
√
D2−A|C|

.

(Hints: Start by demanding that the metric is Lorentzian, det(gαβ) < 0. Demand then that the curve
is timelike, to obtain a condition on the possible angular velocities dϕ/dt. Show that for certain metric
functions the time gain dt always has the same sign as dϕ, so going in the negative direction in ϕ
means travelling back in time. Find the most negative value of ∆t.)

4. Alcubierre warp drive. (This problem is worth double the normal points. It’s not terribly difficult,
though!) In general relativity it is possible to design spacetimes with arbitrarily short travel times
without exceeding the speed of light. One example is the warp drive proposed by Miguel Alcubierre
in 1994. Read his article http://arxiv.org/abs/gr-qc/0009013 and try to understand its main features.
Verify the following steps:

a) Show property (7) of eq. (6).

b) Write down the covariant and contravariant form of the metric (8) and its determinant.

c) Show that the extrinsic curvature Kij defined in (9) gives, for the hypersurface of constant t, the
result (10).

d) Volume expansion rate of a hypersurface orthogonal to nα is given by θ = ∇αnα. Verify (11) and
(12).

e) Verify (13) and (15).


