
GENERAL RELATIVITY Homework 12 Spring 2017

Due on Monday April 24 by 14.15.

1. Plane wave with circular polarization. Consider a monochromatic plane wave traveling
in the x3 direction, using the transverse gauge. We say the wave is circularly polarized, if

Cij = α

 1 ±i 0
±i −1 0
0 0 0

 .

Let the coordinate separation vector of two test particles be ξi =
(
ξ1, ξ2, 0

)
= const. Show

that the particles move in a circle in relation to each other. We call the polarization right
handed, if the particles move counterclockwise as seen from the side towards which the wave
is traveling. Does this correspond to + or − in the ± above?

2. Gravitational waves from a binary system. Consider two non-rotating black holes, each
with mass 30M�, orbiting each other on a circular Newtonian orbit with radius R = λrS ,
where rS is the Schwarzschild radius and λ > 1. Find the amplitude and the frequency f
of the produced gravitational wave at a distance of 1 billion light years from the source as
a function of λ. Take the orbit to be in the xy-plane, its center to be at the origin and
the observer to be on the z-axis. Approximate the black holes as pointlike, and neglect the
expansion of the universe.

3. Energy loss of a binary system. Let’s consider the binary system of the previous problem.

a) Starting from the first equation on page 7-25 of the lecture notes, derive the second
equation.

b) Approximating that the orbit remains circular, find the decay of λ as a function of time
due to gravitational wave emission. What is the lifetime of the system (defined here as the
time to reach λ = 1, where our approximation must break down) if the initial radius is 1)
one astronomical unit or 2) 10rS?

c) What is the total energy (i.e. from the initial radius until λ = 1) radiated in cases 1) and
2)?

4. Next generation gravitational wave detector. The LISA Pathfinder satellite
was launched into space on December 3 2015. Its purpose is to test the tech-
nology for the spaceborne next generation gravitational wave detector LISA. (See
https://www.elisascience.org/ .)

LISA is planned to be an interferometer that consists of three satellites. Let’s take them to be
located at (x, y, z) = (0, 0, 0), (L, 0, 0), and (0, L, 0). From the first satellite two laser beams,
with wavelength λ, originally in the same phase, are sent along the x and y-axes; they are
reflected by mirrors at the two other satellites, and return back to the first satellite, where
the phase difference between the two returning light beams is measured by interferometry.
We assume the background spacetime has Minkowski metric. A gravitational plane wave,
with + polarization, amplitude h+ and frequency f = ω/(2π), traveling in the z direction,
passes through the interferometer.

a) What is the observed phase shift ∆φ? (Our coordinates are in the transverse gauge. The
three satellites stay at constant spatial coordinates, and the light beams travel along the x
and y-axes. These are geodesics, but you don’t have to show this.) Note that the answer
depends on the phase of the gravitational wave at time te when the laser beams were sent
out. (This is what you actually observe, the variation of the phase difference with time.)

b) Take L = 5 million km, λ = 500 nm, and assume that ∆φ = 10−9 is the smallest phase
shift you can observe. What is the weakest amplitude h+ that can be detected? For what
kind of frequencies f do you achieve this sensitivity?


